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Abstract—Recently, Long-Range (LoRa)-based low-Earth orbit
(LEO) satellite Internet of Things (IoT) has garnered growing
interest from both academia and industry, since it can guarantee
pervasive connectivity in an energy-efficient and cost-effective
manner. In this article, we provide a novel spherical stochastic
geometry (SG)-based analytical framework for characterizing
the uplink access probability of LoRa-based LEO satellite IoT
system. Specifically, multiple classes of LoRa end-devices (EDs)
are taken into consideration, where each class of LoRa EDs is
modeled by an independent Poisson point process (PPP). Both the
channel characteristics of the satellite-to-Earth communications
and the unique features of the LoRa network are considered to
derive closed-form analytical expressions for the uplink access
probability of such a new paradigm. Moreover, the nontrivial
impact of the spreading factor, the ED’s density, the orbit altitude,
and the satellite effective beamwidth on the system performance
is thoroughly investigated. Extensive numerical simulations are
conducted, which not only validate the accuracy of our theoretical
analysis but also provide useful insights into the practical design
and implementation of LoRa-based LEO satellite IoT system.

Index Terms—Access probability, Long-Range (LoRa),
performance analysis, satellite Internet of Things (IoT), stochastic
geometry (SG).

I. INTRODUCTION

THE RECENT years have witnessed the proliferation of
low-power wide-area networks (LPWANs) in the Internet

of Things (IoT), which aim to provide pervasive connectivity
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worldwide [1]. Among the state-of-the-art LPWAN technolo-
gies, Long-Range (LoRa) has attracted widespread attention
from both academia and industry [2]. In general, LoRa can be
categorized into two layers: 1) a robust physical (PHY) layer
using chirp spread spectrum (CSS) modulation (i.e., LoRa
modulation) and 2) a simple medium access control (MAC)
layer underpinned by an ALOHA-based LoRaWAN protocol.
Facilitated by its configurable radio parameters, such as carrier
frequency (CF), bandwidth (BW), spreading factor (SF), and
code rate (CR), LoRa promises a compelling tradeoff between
data rate and coverage, thus satisfying the various requirements
of IoT applications [3].

Despite the immense success of LoRa technology, it is
extremely challenging to provide ubiquitous coverage, espe-
cially in rural and remote areas (e.g., forests, deserts, and
oceans), where terrestrial access is technically or econom-
ically impossible. In this context, exploiting LoRa-based
low-Earth orbit (LEO) satellite IoT has been regarded as
a promising solution [4]. Recently, some experiments have
verified the feasibility of LoRa-based radio links in space-to-
Earth communications [5], [6], [7]. Moreover, supported by
the LoRa ecosystem, several satellite operators have offered
LoRa networks with satellite connectivity, delivering interop-
erability to address heterogeneous application domains, like
asset tracking, energy development, and environmental moni-
toring [8]. While both technological and commercial traction
have demonstrated its great potential for global connectivity,
little attention has been paid to a holistic performance anal-
ysis of LoRa-based LEO satellite IoT system, which is of
paramount significance to obtain deeper insights into such a
new paradigm.

A. State of the Art

Over the past few years, researchers have utilized stochastic
geometry (SG), a powerful mathematical tool for analyz-
ing and designing wireless networks, to investigate the
performance of terrestrial LoRa networks. For example,
Georgiou and Raza [9] provided an SG-based analytical
framework to investigate the uplink performance of a sin-
gle gateway LoRa network and showed that the coverage
probability drops exponentially as the number of end-devices
(EDs) grows due to the same SF (co-SF) interference. Based
on this model, Hoeller et al. [10] investigated the uplink
performance improvements of LoRa networks by exploit-
ing time diversity through message replication and spatial
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diversity through multiple antennas. Moreover, both the co-
SF interference and different SF (inter-SF) interference were
taken into account in [11] to investigate the scalability of
LoRa networks. It was also shown that co-SF interference
plays a dominant role in interference-limited scenarios since
different SFs are quasi-orthogonal. Furthermore, the system
model proposed in [12] combined power-domain nonorthog-
onal multiple access (NOMA) and successive interference
cancellation (SIC) which could significantly increase the LoRa
networks’ scalability.

Notably, the spatial distribution of EDs was
described through Poisson point process (PPP)
in [9], [10], [11], and [12] which can accurately model the
networks when the LoRa EDs are uniformly distributed in a
considered area. However, when the LoRa EDs are clustered,
the PPP is no longer a suitable choice to model the EDs’
spatial distribution. To address this issue, Qin et al. [13]
proposed to use Poisson cluster process (PCP) to model LoRa
networks, where the LoRa gateways form the parent process
and the active LoRa EDs in each cluster form the children
process. Moreover, to obtain a more tractable framework of the
coverage probability and area spectral efficiency, Tu et al. [14]
took into consideration the Nakagami-m fading rather than the
Rayleigh fading adopted in most previous works. Based on the
derived theoretical expressions for the coverage probability
and area spectral efficiency, the trends of both metrics were
unveiled with respect to some key system parameters, such as
the transmit power, the ED’s density, and the SF.

In addition, analytical modeling and performance analysis
based on SG have also been recently leveraged in satel-
lite networks, which paves the way to study the generic
performance of LEO satellite networks without relying on
specialized software platforms [15], [16]. With regard to
the satellite IoT networks, Chan et al. [17] investigated
the coverage probability of IoT-over-satellite network with
intranetwork interference under the PPP constellation model.
Besides, Dwivedi et al. [18] proposed a star-of-star topology to
effectively leverage the spatial diversity of multiple satellites,
modeled by binomial point process (BPP), to achieve the
desired outage probability performance in LEO satellite IoT
networks. Additionally, Zhou et al. [19] investigated the uplink
access probability of LoRa-based LEO satellite IoT network
based on a planar SG framework under the PPP EDs’ model,
while Talgat et al. [20] focused on the coverage probability
of IoT-over-satellite network with intranetwork interference
under the BPP constellation and PCP EDs’ model.

B. Motivation and Contributions

Herein, all the above mentioned works are summarized
in Table I for a detailed comparison. Although these works
have laid a solid foundation for the performance analysis of
either terrestrial LoRa networks or LEO satellite IoT networks,
few of them have focused on SG-based network modeling
and performance analysis of LoRa-based LEO satellite IoT
systems. The most relevant existing works on this topic
are [19] and [20]. However, the system model presented in [19]
inherently followed the terrestrial LoRa network paradigm

based on a planar SG framework, where the LoRa EDs
were assumed to be distributed within a circle area and
only the strongest interfering ED is considered, which leads
to an inaccurate interference characterization and thereby
significantly limits its findings within the LEO satellite IoT
space. Moreover, the system model proposed in [20] did
not take into account the unique features of LoRa networks,
like CSS modulation, SF allocation, and radio duty cycle,
which however play a dominant role in determining the
overall performance of LoRa-based LEO satellite IoT systems.
Therefore, to accurately characterize the uplink performance
of LoRa-based LEO satellite IoT system, we present a novel
spherical SG-based analytical framework for the uplink access
probability in this article [21], where both the channel char-
acteristics of the satellite-to-Earth communications and the
unique features of the LoRa network are incorporated into our
proposed system model, thus enabling a rigorous scalability
analysis of such a new paradigm while facilitating its practical
design and implementation. The main contributions of this
article are summarized as follows.

1) A novel spherical SG-based analytical framework for
characterizing the uplink access probability of LoRa-
based LEO satellite IoT is developed. Specifically,
multiple classes of LoRa EDs are taken into consid-
eration, where each class of EDs is modeled by an
independent PPP. Both the channel characteristics of
the satellite-to-Earth communications and the unique
features of the LoRa network are considered in our
system model. The impact of shadowed Rician (SR)
fading, CSS modulation, SF allocation, and duty cycle-
limited random access is investigated, thus enabling an
accurate uplink access probability analysis of such a new
paradigm.

2) To give a comprehensive performance analysis, we
derive closed-form analytical expressions for the
uplink access probability in both interference-free
and interference-limited scenarios. We start with the
interference-free scenario to obtain insights into the ideal
access probability which serves as an upper bound for
the practical system performance. The Laplace transform
(LT) of the aggregated interference is derived to obtain
an analytical expression of the access probability in the
interference-limited scenario. Moreover, to reduce the
computational complexity, an approximate closed-form
expression of the access probability is derived where the
aggregated interference converges to the mean value.

3) The nontrivial impact of some key system param-
eters, including the SF, the ED’s density, the orbit
altitude, and the satellite effective beamwidth, on
the system performance is thoroughly investigated.
Extensive numerical simulations are conducted to verify
the accuracy of our theoretical analysis, which can
provide insightful guidelines for the practical design
and implementation of LoRa-based LEO satellite IoT
system. Moreover, we clarify some open issues and
future research directions in this field, which can further
shed light into the performance improvements of the
underlying system.
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TABLE I
COMPARISON OF RELATED WORKS

17

C. Article Organization and Notations

The remainder of this article is organized as follows.
Section II presents the system model of LoRa-based LEO
satellite IoT, followed by the uplink performance analysis in
Section III. Simulation results are provided in Section IV to
validate our theoretical analysis where we also point out some
open issues along with the future research directions. Finally,
we conclude this article in Section V.

Notation: Throughout this article, we denote FX(x) and
fX(x) as the cumulative distribution function (CDF) and the
probability density function (PDF) of a random variable X;
max{·}, �·�,

(·
·
)
, exp(·), and ln(·) are the maximum, ceiling,

binomial coefficient, natural exponential, and natural logarithm
operations; μ! is the factorial of μ; E[ · ] and Pr{·} denote
the mathematical expectation and probability measure, respec-
tively. The LT of a random variable X is defined as LX(ν) =
E[e−νX] with ν ∈ C. Besides, |R| represents the coverage area
of satellite footprint R ∈ R

d. For the reader’s convenience, the
main notations used in this article are summarized in Table II.

II. SYSTEM MODEL

In this section, we present the analytical framework of our
considered LoRa-based LEO satellite IoT system, including
the network model, channel model, and signal model.

A. Network Model

In this article, we consider a single LEO satellite that
directly communicates with the terrestrial LoRa EDs within
its coverage region.

1) Geometric Model: Without loss of generality, we denote
H as the orbit altitude of the LEO satellite while the terrestrial
LoRa EDs are randomly and uniformly distributed within its
coverage region, i.e., satellite footprint R, which is determined
by the effective beamwidth of serving satellite. Accordingly,
we denote the satellite effective beamwidth as ψ , which cor-
responds to the maximum satellite-centric angle as depicted in
Fig. 1. Moreover, to simplify the mathematical representation,
we use the contact angle ϕ to denote the relative location
between a LoRa ED and serving satellite, i.e., the Earth-
centered zenith angle. According to the basic sine theorem,
the maximum contact angle ϕm can be derived as [22]

ϕm =
⎧
⎨

⎩

sin−1
(

R+H
R sin

(
ψ
2

))
− ψ

2 , if ψ < ψ0

cos−1
(

R
R+H

)
, if ψ ≥ ψ0

(1)

where R is the radius of Earth and ψ0 = 2 sin−1(R/R + H)
denotes the effective beamwidth corresponding to just covering
the horizon.
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TABLE II
LIST OF IMPORTANT NOTATIONS

As a result, the coverage area of the satellite footprint can
be obtained as [22]

|R| = 2πR2(1 − cosϕm). (2)

Given the contact angle ϕ, the distance between the ED and
serving satellite, i.e., contact distance, can be obtained using
the basic cosine theorem as [22]

d(ϕ) =
√
(R + H)2 + R2 − 2R(R + H) cosϕ. (3)

Fig. 1. Illustration of the geometric model of the LoRa-based LEO satellite
IoT, including the satellite footprint, effective beamwidth ψ , contact angle ϕ,
and contact distance d.

2) EDs’ Model: In the context of LEO satellite IoT sce-
narios, the EDs are often widely deployed in open areas, like
environmental monitoring and smart agriculture [4], [6], and
thus a uniform distribution of the deployed EDs is a reasonable
assumption and appropriate modeling technique for SG-based
analysis [17], [18], [19]. Therefore, the LoRa EDs within our
considered system are assumed to be uniformly distributed
within the satellite footprint, i.e., the spherical area R, whereas
the distribution of the LoRa EDs is modeled by a PPP � with
intensity λ (i.e., ED’s density).

Let us consider that there are K classes of LoRa EDs
deployed within the satellite footprint. Each class of EDs is
assigned with one SF and modeled by an independent PPP �k

where k ∈ {7, . . . , 12}. Typically, a set of SFs ranging from 7
to 12 are adopted in LoRa networks. Hence, we have K = 6.
Two SF allocation schemes are considered, namely, random
allocation and fair-collision allocation, for the uplink access
of our considered LoRa-based LEO satellite IoT system. In
particular:

1) Under a random allocation scheme, each ED is randomly
assigned an SF and the proportion that an ED is assigned
the SF k is ρk = (1/6) ∀k.

2) Under a fair-collision allocation scheme, the proportion
that an ED is assigned the SF k is given by [14]

ρk = k/2k

∑12
i=7 i/2i

(4)

which guarantees a fair collision probability among all
classes of EDs.

Therefore, the density of EDs of class k is given by λk = ρkλ.
As a result, the number of EDs of class k is a Poisson random
variable and its mean value can be computed as

N̄k = λk|R| = 2πρkλR2(1 − cosϕm). (5)

All classes of EDs are equipped with an omnidirectional
antenna with the same effective isotropic radiated power
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(EIRP) denoted as Pt. Moreover, we denote �A
k as the set of

active EDs of class k, which also follows a PPP with intensity
pkλk, where pk = (Tk/Tp) is the active probability of class k
with Tk and Tp representing the Time on Air (ToA) of class k
and the average packet interarrival time, respectively.

Specifically, the configurations of BW, SF, and CR impact
the ToA of class k, which can be formulated as [14]

Tk = (
Npre + 4.25 + Npay

) 2k

BW
(6)

where BW is the configured BW, Npre and Npay denote the
number of CSS symbols in the preamble and the PHY payload,
respectively, and [14]

Npay = max
{⌈8PL − 4k + 28 + 16C − 20HE

4k

⌉
(CR + 4)

0
}

+ 8 (7)

where PL denotes the PHY payload length in bytes, CR ∈
{1, 2, 3, 4} denotes the CR, C indicates the presence (i.e.,
C = 1) or absence (i.e., C = 0) of cyclic redundancy check
(CRC), HE = 0 indicates that the PHY layer header is enabled,
while HE = 1 indicates that the PHY layer header is not
enabled.1

B. Channel Model

In this article, both large-scale fading and small-scale fading
are taken into consideration.

1) Large-Scale Fading: For the sake of simplicity, we
adopt the free space path-loss model to characterize the large-
scale fading,2 which is suitable for the Internet of Remote
Things where the EDs are typically distributed in open remote
areas (e.g., forests, deserts, and oceans) [23]. Specifically,
given the transmission distance d(ϕ) and the CF fc, the free-
space path loss is given as [23]

L(d(ϕ)) =
(

c

4π fcd(ϕ)

)2

(8)

where c refers to the speed of light.
2) Small-Scale Fading: Let us denote ho,k and hi,k as the

small-scale fading from the typical and interfering devices of
class k to the serving satellite, respectively, which follows an
independent and identically distributed (i.i.d.) SR fading with
Nakagami fading coefficient m, where the half average power
of scattered component is b0 and the average power of line-
of-sight component is 	. As such, the CDF and PDF of the
SR channel gain |h|2 are given by [24]

F|h|2(x) =
(

2b0m

2b0m +	

)m ∞∑

z=0

(m)z
z!
(z + 1)

(
	

2b0m +	

)z

× γ

(
z + 1,

1

2b0
x

)
(9)

1In this article, we assume that Npre = 8, C = 1, HE = 0, and CR = 1 [14].
2It is worth noting that some of the literature also takes into consideration

the additional path loss caused by atmospheric absorption and natural/artificial
obstacles [22]. However, the corresponding channel model is more suitable for
urban environments. Meanwhile, it can be easily integrated into our channel
model by adding the excess path-loss factor into the large-scale fading.

f|h|2(x) =
(

2b0m

2b0m +	

)m 1

2b0
exp

(
− x

2b0

)

×1 F1

(
m, 1,

	x

2b0(2b0m +	)

)
(10)

respectively, where 
(·) denotes the Gamma function, γ (·, ·) is
the lower incomplete gamma function, (·)z is the Pochhammer
symbol, while 1F1(·, ·, ·) is the confluent hypergeometric
function [24]. Note that (9) and (10) are too complex to
manipulate and, thus, we approximate the SR channel gain |h|2
by a Gamma random variable with its CDF and PDF as [20]

F|h|2(x) ≈ 1


(α)
γ

(
α,

x

β

)
, x ≥ 0, (11)

f|h|2(x) ≈ 1

βα
(α)
xα−1 exp

(
− x

β

)
, x ≥ 0 (12)

where α � (m(2b0 +	)2/(4mb2
0 + 4mb0	+	2)) and β �

(4mb2
0 + 4mb0	+	2/(m(2b0 +	))) denote the shape and

scale parameters, respectively. The accuracy of this approxi-
mation will be shown in Section IV-A.

C. Signal Model

Let us denote so,k and si,k as the unit power transmitted
signal from the typical and interfering devices of class k,
respectively, i.e., E[|so,k|2] = E[|si,k|2] = 1. Similar to the
methods employed in [17], we denote κ ∈ [0, 1] as the
interference mitigation factor, which captures the impact of
random access on the received signal and underpins the flexi-
bility of performance analysis. In particular, κ = 0 represents
an ideal interference-free system, while κ = 1 represents
the worst case scenario corresponding to ALOHA-based
system. For our considered LoRa-based LEO satellite IoT
system, inter-ED interference consists of co-SF interference
and inter-SF interference. Given the waveform properties
of CSS modulation, different SFs are quasi-orthogonal and
thus the impact of inter-SF interference can be considered
negligible [9], [14]. Accordingly, the received signal of class
k can be expressed as

rk =
√

PtGL
(
d
(
ϕo,k

))
ho,kso,k

︸ ︷︷ ︸
desired signal

+ w︸︷︷︸
noise

+ κ
∑

i∈�A
k

√
PtGL

(
d
(
ϕi,k

))
hi,ksi,k

︸ ︷︷ ︸
interfering signal

(13)

where G represents the satellite antenna gain, w represents the
complex circularly symmetric additive white Gaussian noise
(AWGN) with zero mean and variance σ 2 = −174 + NF +
10 log10 BW , with NF representing the receiver’s noise figure.
We point out that the Doppler effect is not taken into account
in the signal model for simplicity since both laboratory and
flight testings have verified the strong immunity of LoRa-based
LEO satellite communications to it [7].

III. UPLINK PERFORMANCE ANALYSIS

To evaluate the uplink performance of LoRa-based LEO
satellite IoT system, we define the access probability as the
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performance metric which measures the probability of success-
ful transmission, i.e., the desired signal can be successfully
demodulated. In particular, the access probability Ps is defined
as [6], [9]

Ps = PSNRPSIR (14)

where PSNR and PSIR denote the connection probability
and the capture probability, respectively. Specifically, the
connection probability PSNR, represents the probability of
signal-to-noise ratio (SNR) of the desired signal received
by the LEO satellite exceeding the SF-specific demodulation
threshold. Moreover, the capture probability PSIR, represents
the probability of signal-to-interference ratio (SIR) of the
desired signal received by the LEO satellite exceeding a
predefined interference rejection threshold. Therefore, the
successful transmission occurs only if both the SNR and
SIR of the received desired signal exceed their corresponding
thresholds. In the following, we will provide a detailed analysis
of both the connection probability and the capture probability.

A. Connection Probability

We start with the interference-free scenario, i.e., κ = 0, to
obtain insights into the ideal access probability, i.e., connection
probability, which serves as an upper bound for the uplink
access probability of practical systems. Specifically, the con-
nection probability, PSNR, can be derived according to the
signal model (13) as

PSNR = Pr

⎧
⎪⎨

⎪⎩

E

[
|
√

PtGL
(
d
(
ϕo,k

))
ho,kso,k|2

]

E
[|w|2] ≥ γk

⎫
⎪⎬

⎪⎭

= Pr

{
PtGL

(
d
(
ϕo,k

))|ho,k|2
σ 2

≥ γk

}

= Pr

{

|ho,k|2 ≥ σ 2γk

PtGL
(
d
(
ϕo,k

))

}

= 1 − F|ho,k|2
(

σ 2γk

PtGL
(
d
(
ϕo,k

))

)

(a)≈ 1 − 1


(α)
γ

(

α,
σ 2γk

βPtGL
(
d
(
ϕo,k

))

)

(15)

where γk is the SF-specific SNR threshold while step
(a) follows directly from the substitution of the CDF
described in (11).

Remark 1: The connection probability PSNR is related to
the link budget and is independent of the ED’s density.
However, since its MAC layer protocol is essentially an
ALOHA-based variant, LoRa-based LEO satellite IoT systems
will inevitably become interference-limited in the scope of
dense network deployments, thus leading to an interference-
dependent performance analysis.

B. Capture Probability

In general, the desired transmitted signal of class k in
the presence of interference can be demodulated only if the
capture effect (CE) occurs, i.e., the SIR of the desired signal

is above the corresponding threshold. As such, the capture
probability, PSIR, can be formulated according to the signal
model (13) as

PSIR = Pr

{
PtGL

(
d
(
ϕo,k

))|ho,k|2
κ
∑

i∈�A
k \o PtGL

(
d
(
ϕi,k

))|hi,k|2 ≥ γI

}

. (16)

For an accurate performance analysis, we need to inves-
tigate the statistical distribution of the accumulative co-SF
interference for class k in (16). Herein, we denote Ik as the
accumulative co-SF interference for class k, which can be
obtained according to (16) as

Ik = κ
∑

i∈�A
k \o

Pt= GL
(
d
(
ϕi,k

))|hi,k|2. (17)

Since the statistical distribution of Ik cannot be obtained
directly from (17), we rewrite the capture probability in (16)
as

PSIR = Pr

{
PtGL

(
d
(
ϕo,k

))|ho,k|2
Ik

≥ γI

}

= 1 − Pr

{

|ho,k|2 < IkγI

PtGL
(
d
(
ϕo,k

))

}

︸ ︷︷ ︸
Po

. (18)

Note that Po cannot be directly computed due to the ran-
domness of both channel fading and aggregated interference.
To address this issue, we first introduce Alzer’s lemma in the
following proposition.

Proposition 1: Let g be a Gamma random variable with the
shape parameter α and the scale parameter β. Then, its CDF
can be tightly bounded as [24]

{
Fg(x) ≤ [

1 − exp(−μx)
]α
, if α ≤ 1

Fg(x) >
[
1 − exp(−μx)

]α
, if α > 1

(19)

where μ = (α!)−(1/α)/β and the equality holds when α = 1.
As such, Po in (18) can be computed as

Po = Pr

{

|ho,k|2 < IkγI

PtGL
(
d
(
ϕo,k

))

}

(a)≈ EIk

[[

1 − exp

(

− μIkγI

PtGL
(
d
(
ϕo,k

))

)]α]

(b)= EIk

⎡

⎣
∞∑

z=0

(
α

z

)
(−1)z exp

(

− zμIkγI

PtGL
(
d
(
ϕo,k

))

)⎤

⎦

(c)=
∞∑

z=0

(
α

z

)
(−1)zLIk(s) (20)

where s � (zμγI/PtGL(d(ϕo,k))), step (a) follows from the
approximated CDF of Gamma random variable according
to Alzer’s lemma, step (b) follows from the generalized
binomial theorem, and step (c) follows from the LT of Ik.
The convergence of this infinite series will be shown in
Section IV-C.

Based on this, the analytical expression of PSIR is derived
as follows.
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Proposition 2: The capture probability in the presence of
interference is approximately expressed as

PSIR ≈ 1 −
∞∑

z=0

(
α

z

)
(−1)z exp

(
2πR2pkλk

×
(

t1

[( t1
ε

)α
2F1

(
α, α + 1;α + 2;− t1

ε

)

α + 1
− 1

]

−t2

[( t2
ε

)α
2F1

(
α, α + 1;α + 2;− t2

ε

)

α + 1
− 1

]))
(21)

where ε � −(sβκPtGc2
0/2R(R + H)), t1 �

1 − ((R + H)2 + R2/2R(R + H)), t2 � cosϕm −
((R + H)2 + R2/2R(R + H)), and 2F1(·, ·; ·; ·) is the Gaussian
hypergeometric function [25].

Proof: See Appendix A.
Remark 2: Different from the connection probability, the

capture probability is closely related to the ED’s density
and active probability. The practical access probability could
rapidly decrease with the increase of the ED’s density and the
active probability due to the escalated interference level.

C. Access Probability

By substituting (15) and (21) into (14), the analytical access
probability can be obtained as

Ps ≈
[

1 − 1


(α)
γ

(

α,
σ 2γk

βPtGL
(
d
(
ϕo,k

))

)]

×
[

1 −
∞∑

z=0

(
α

z

)
(−1)z exp

(
2πR2pkλk

×
(

t1

[( t1
ε

)α
2F1

(
α, α + 1;α + 2;− t1

ε

)

α + 1
− 1

]

− t2

[( t2
ε

)α
2F1

(
α, α + 1;α + 2;− t2

ε

)

α + 1
− 1

]))]
.

(22)

Note that (22) is computationally intensive and thereby we
attempt to further simplify the analytical expression through
approximating the impact of accumulative interference by that
of the average interference. Specifically, since massive access
is expected to occur in LoRa-based LEO satellite IoT networks
due to the large satellite footprint, the aggregated interference
for any class of EDs could likely converge to its mean value,
i.e., Ik ≈ Īk. As a result, the approximate capture probability
P◦

SIR for LoRa EDs of class k can be given as

P◦
SIR = Pr

{
PtGL

(
d
(
ϕo,k

))|ho,k|2
Īk

≥ γI

}

. (23)

Based on this, the analytical expression of P◦
SIR is derived

as follows.
Proposition 3: The approximate capture probability under

the impact of average co-SF interference is

P◦
SIR ≈ 1 − 1


(α)
γ

⎛

⎝α,
c2

0πRκpkλkαγI ln
(

v2
v1

)

(R + H)L
(
d
(
ϕo,k

))

⎞

⎠ (24)

TABLE III
SIMULATION PARAMETERS

where c0 � (c/4π fc), v1 � H2, and v2 � (R + H)2 + R2 −
2R(R + H) cosϕm.

Proof: See Appendix B.
By substituting (15) and (24) into (14), the approximate

access probability can be formulated as

P◦
s ≈

[

1 − 1


(α)
γ

(

α,
σ 2γk

βPtGL
(
d
(
ϕo,k

))

)]

×
⎡

⎣1 − 1


(α)
γ

⎛

⎝α,
c2

0πRκpkλkαγI ln
(

v2
v1

)

(R + H)L
(
d
(
ϕo,k

))

⎞

⎠

⎤

⎦. (25)

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, we validate our theoretical performance
analysis through extensive Monte Carlo simulations using
MATLAB platform, which provides valuable insights into
the uplink performance of LoRa-based LEO satellite IoT
under practical system parameters. Furthermore, some open
issues and future research directions are discussed, which can
further shed light into the performance improvements of such
a specific paradigm. Unless otherwise specified, the system
parameter values used in our simulations are summarized
in Table III, where the majority of these parameters are in
accordance with [6], [9], [14], [17], [22], and [23]. Moreover,
the SF allocation scheme used in the simulations is fixed as
random allocation scheme unless explicitly stated otherwise.

A. Interference-Free Scenario

First of all, we will show the accuracy of approximating the
SR channel gain by a corresponding Gamma random variable.
Specifically, for two groups of parameters of SR fading, i.e.,
m = 5.21, b0 = 0.251, 	 = 0.278 and m = 0.793, b0 =
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Fig. 2. Exact PDF of the SR channel gain and approximate PDF of the
corresponding Gamma distribution.

0.063, 	 = 8.97×10−4, the exact PDF of the SR channel gain
given by (10) and the approximate PDF of the corresponding
Gamma distribution given by (12) are plotted in Fig. 2. It can
be seen that the approximation is very tight, which guarantees
the effectiveness of our subsequent performance analysis.

Then, we investigate the access probability in the case of
interference-free scenarios, which provides an upper bound for
the practical uplink access performance. Herein, Figs. 3 and 4
present the uplink access probability of three different classes
of LoRa EDs versus the EIRP, Pt, and orbit altitude, H, with-
out the impact of interference, respectively. It can be observed
that the simulation results are well matched with the theoretical
results given by (15). Moreover, it can also be observed that
the ideal access probability is monotonically increasing with
Pt while monotonically decreasing with H, which is consistent
with our intuition since the connection probability PSNR is
directly related to the link budget. Furthermore, it is apparent
that in an interference-free scenario, the LoRa EDs with larger
SF have better access performance since larger SF leads to
a lower SNR demodulation threshold as shown in Table III.
Hence, in an interference-free scenario, increasing the SF will
lead to a better scalability performance due to the higher
reception sensitivity.

B. Interference-Limited Scenario

Fig. 5(a) and (b) demonstrates the access probability of
different classes of LoRa EDs versus the ED’s density for H =
500 km and H = 1000 km, respectively. Likewise, Fig. 6(a)
and (b) demonstrates the access probability of different classes
of LoRa EDs versus the satellite effective beamwidth for H =
500 km and H = 1000 km, respectively. It can be observed
that the numerical results of the access probability match well
with the analytical results, which substantiates our proposed
analytical framework once again. Moreover, the theoretical
access probability based on the accumulative interference, i.e.,
Ps given by (22), is very close to the approximate access
probability based on the average interference, i.e., P◦

s given
by (25), which shows that the aggregated interference Ik can
be tightly approximated by its mean value Īk.

Fig. 3. Access probability of three classes of LoRa EDs versus the EIRP,
Pt , without the impact of interference.

Fig. 4. Access probability of three classes of LoRa EDs versus the orbit
altitude, H, without the impact of interference.

Furthermore, as illustrated in Figs. 5 and 6, the access
probability is a monotonically decreasing function of both λ
and ψ , as the interference levels increase with λ and ψ . In
particular, the access probability degrades exponentially with
the increase of λ, showing that varying the ED’s density has
a significant impact on the uplink scalability performance of
LoRa-based LEO satellite IoT systems. In addition, contrary
to the interference-free scenario, the LoRa EDs with larger
SF experience more severe performance degradation especially
for larger value of the ED’s density since higher SFs could
be more prone to packet collisions due to the longer ToA
given by (6). Nonetheless, it should be noted that for small
values of ED’s density, like λ = 10−7, the uplink scalability
performance of LoRa EDs with smaller SFs could be better
than that of LoRa EDs with larger SFs since, in this case,
PSNR will play a dominant role in determining the access
probability, while the system performance will resemble that
of the interference-free scenario.

Additionally, it can be observed that the uplink scalability
performance degrades more rapidly for H = 1000 km
compared to H = 500 km, due to the escalated large-scale
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Fig. 5. Access probability of different classes of LoRa EDs versus the ED’s
density with (a) H = 500 km and (b) H = 1000 km.

fading. In particular, as shown in Fig. 6, the orbit altitude has
a pronounced impact on the uplink scalability performance,
especially for large satellite effective beamwidth, since for
higher orbit altitude, the satellite footprint area increases more
rapidly with ψ , thus leading to more severe interference and
performance deterioration. This, in turn, indicates that we
can control the interference level and improve the uplink
scalability performance of LoRa-based LEO satellite IoT
systems by adjusting the satellite orbit altitude and effective
beamwidth. Moreover, the overall network performance can
be further enhanced through the dense deployment of LEO
satellites [23], which is an interesting topic left for future
research.

Fig. 7 demonstrates the numerical access probability of
three classes of LoRa EDs versus the ED’s density for both
random and fair-collision SF allocation schemes. It can be
observed that compared to random SF allocation, fair-collision
SF allocation can provide higher uplink access probability,
i.e., better scalability performance, especially for larger SFs
since it can guarantee a fair collision probability among all

Fig. 6. Access probability of different classes of LoRa EDs versus the
satellite effective beamwidth with (a) H = 500 km and (b) H = 1000 km.

classes of EDs [14]. For example, the access probability is
about 0.7 for SF = 12 under the fair-collision allocation
scheme, while it drops below 0.1 under the random allocation
scheme. This indicates that by designing and employing an
appropriate SFallocation scheme, more efficient uplink access
opportunities and better scalability performance of LoRa-
based LEO satellite IoT systems can be reached.

C. Convergence Analysis and Justification

In this section, we provide the explanation behind the reason
in the convergence of the infinite series in (20) and (21).
According to Jensen’s inequality [25], we have

EIk

[

− exp

(

− μIkγI

PtGL
(
d
(
ϕo,k

))

)]

≤ − exp

(

− μĪkγI

PtGL
(
d
(
ϕo,k

))

)

︸ ︷︷ ︸
I

(26)
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Fig. 7. Access probability of three classes of LoRa EDs versus the ED’s
density for both random and fair-collision SF allocation schemes.

Fig. 8. Theoretical capture probability versus the first N0 terms used in the
calculation of the infinite series.

with

|I| (a)≈ exp

⎛

⎝−
μπRκpkλkαβ ln

(
v2
v1

)
γI
[
d
(
ϕo,k

)]2

R + H

⎞

⎠

(b)≤ exp

⎛

⎝−
μπRκpkλkαβ ln

(
v2
v1

)
γIH2

R + H

⎞

⎠ < 1 (27)

where step (a) follows from the derivation of Īk as shown
in Appendix B, while step (b) follows from the fact that
ϕo,k ∈ [0, ϕm] as stated in Section II-A. This guarantees
the convergence of the infinite series in (20) according to
the convergence property of binomial series [25], and thus
validates the effectiveness of our derived analytical expressions
for the capture probability. Herein, Fig. 8 shows the theoretical
capture probability PSIR versus the first N0 terms used in
the calculation of the infinite series. It can be observed that
the theoretical capture probability PSIR converges to fixed
values for all considered SFs with N0 ≥ 20, which not only
agrees well with the simulation results but also indicates rapid
convergence. As such, the calculation of the theoretical capture

Fig. 9. Access probability versus the class k ED’s density λk for different
PHY payload length, PL, with SF = 12.

probability PSIR could be greatly simplified by using a small
number of terms, but still with high accuracy.

D. Future Research Directions

In this section, we clarify some open issues and future
research directions which can help us to dive deeper into the
performance improvements of such a new paradigm.

1) PHY Layer: From the PHY layer perspective, the uplink
scalability performance of LoRa-based LEO satellite IoT
system can be effectively improved by suitable transceiver
design.

On the one hand, as depicted in Fig. 9, for a specific class of
LoRa EDs, the access probability degrades with the increase of
PL as a longer PHY payload length will result in a longer ToA
due to the low spectral efficiency of CSS modulation, and thus
leading to higher probability of packet collisions and increased
interference level. This phenomenon is more serious for larger
SFs. Therefore, the uplink scalability performance of LoRa-
based LEO satellite IoT system can be improved by adopting
alternative CSS-based LoRa-like modulation schemes with
higher spectral efficiency and enhanced data rate [26], [27].

On the other hand, as depicted in Fig. 10, the access prob-
ability improves with the decrease of γI , which is consistent
with our intuition that a lower SIR demodulation thresh-
old typically means a better collision resolution capability.
As such, the uplink scalability performance of LoRa-based
LEO satellite IoT system can be effectively improved by
developing more efficient detectors in the presence of
interference [28], [29]. Furthermore, the uplink scalability
performance of LoRa-based LEO satellite IoT system can be
further enhanced by employing advanced multiuser receivers
instead of the current single-user receiver [30], [31].

2) MAC Layer: From the MAC layer perspective, the
uplink scalability performance of LoRa-based LEO satellite
IoT system can be significantly improved by appropriate proto-
col design. As a matter of fact, controlling the massive random
access in a reasonable way is of great importance in the context
of satellite IoT communications. The remarkable impact of
interference mitigation factor on the uplink access probability
of LoRa-based LEO satellite IoT system is shown in Fig. 11,
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Fig. 10. Access probability versus the class k ED’s density λk for different
CE threshold, γI , with SF = 12.

Fig. 11. Access probability versus the class k ED’s density λk for different
interference mitigation factor, κ , with SF = 12.

which showcases that the uplink scalability performance can
be significantly improved through link coordination. Hence,
more network capacity can be unlocked by designing MAC
layer protocols that are well suited for LEO satellite IoT
systems [32], [33]. Moreover, integrated approaches, i.e., com-
bining PHY layer transceiver design and MAC layer protocol
design in an efficient manner, also provide great potential for
further improving the uplink scalability performance of LoRa-
based LEO satellite IoT system [34].

V. CONCLUSION

In this article, a novel analytical framework for characteriz-
ing the uplink access probability LoRa-based LEO satellite IoT
was formulated based on spherical SG. In particular, both the
channel characteristics of satellite link and the unique features
of LoRa network were incorporated into the proposed system
model, which gives an accurate performance evaluation of
such a new paradigm. Closed-form analytical expressions for
the uplink access probability of LoRa-based LEO satellite IoT
system were derived. Extensive numerical simulations were
conducted to verify the accuracy of our proposed analytical

framework and also provide insightful guidelines for the prac-
tical design and implementation of LoRa-based LEO satellite
IoT. Overall, we believe that our work will set the foundation
for further exploration of LoRa technology in nonterrestrial
networks.

APPENDIX A
PROOF OF PROPOSITION 2

To derive the analytical expression of PSIR, we first need to
calculate the LT of Ik, which is presented as follows:

LIk(s) = EIk

⎡

⎢
⎣exp

⎛

⎜
⎝−s

∑

i∈�A
k \o

κPtGL
(
d
(
ϕi,k

))|hi,k|2
⎞

⎟
⎠

⎤

⎥
⎦

= EIk

⎡

⎢
⎣
∏

i∈�A
k \o

exp
(

− sκPtGL
(
d
(
ϕi,k

))|hi,k|2
)
⎤

⎥
⎦

(a)= E�A
k \o

⎡

⎢
⎣
∏

i∈�A
k \o

[
1 + sβκPtGL

(
d
(
ϕi,k

))]−α
⎤

⎥
⎦ (28)

where step (a) follows from the independence of i.i.d. channel
fading and random point process and leverages the moment
generating function (MGF) of a Gamma random variable.

According to the probability generating functional (PGFL)
of PPP [35], we have

E

[
∏

x∈�
f (x)

]

= exp

(
−
∫

Rd

[
1 − f (x)

]
�(dx)

)
(29)

where � is a point process on R
d, while �(·) is the intensity

measure of �. As a result, LIk(s) can be further formulated as

LIk(s) = E

⎡

⎢
⎣
∏

i∈�A
k \o

[
1 + sβκPtGL

(
d
(
ϕi,k

))]−α
⎤

⎥
⎦

= exp
{

2πR2pkλk

×
∫ ϕm

0

([
1 + sβκPtGL(d(ϕ))

]−α − 1
)

sinϕdϕ
︸ ︷︷ ︸

II

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(30)

where the integral II can be derived as

II =
∫ ϕm

0

([
1 + sβκPtGL(d(ϕ))

]−α − 1
)

sinϕdϕ

=
∫ ϕm

0

sinϕ
(

1 + ε
δ+cosϕ

)α dϕ + cosϕm − 1

(a)=
∫ δ+1

δ+cosϕm

1
(
1 + ε

u

)α du + cosϕm − 1

(b)= t1

[( t1
ε

)α
2F1

(
α, α + 1;α + 2;− t1

ε

)

α + 1
− 1

]

− t2

[( t2
ε

)α
2F1

(
α, α + 1;α + 2;− t2

ε

)

α + 1
− 1

]

(31)
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where step (a) follows from δ = −[(R + H)2 + R2/

2R(R + H)] and u = δ + cosϕ, while step (b) follows from
t1 = 1 − [(R + H)2 + R2/2R(R + H)] and t2 = cosϕm −
[(R + H)2 + R2/2R(R + H)].

Therefore, the capture probability can be formulated accord-
ing to (18) and (20) as

PSIR ≈ 1 −
∞∑

z=0

(
α

z

)
(−1)zLIk(s)

= 1 −
∞∑

z=0

(
α

z

)
(−1)z exp

(
2πR2pkλk

×
(

t1

[( t1
ε

)α
2F1

(
α, α + 1;α + 2;− t1

ε

)

α + 1
− 1

]

− t2

[( t2
ε

)α
2F1

(
α, α + 1;α + 2;− t2

ε

)

α + 1
− 1

]))
.(32)

APPENDIX B
PROOF OF PROPOSITION 3

According to Campbell’s theorem for sums [35], we have

E

[
∑

x∈�
f (x)

]

=
∫

Rd
f (x)�(dx) (33)

where � is a point process on R
d and �(·) is the intensity

measure of �. Therefore, the average co-SF interference Īk

can be formulated as

Īk = EIk
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⎢
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(
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(34)

where step (a) follows from the fact that the i.i.d. channel
fading is independent from the spatial random point process
while step (b) follows the mean value of the approximated
Gamma distribution of channel fading.

Moreover, the integral III can be derived as

III =
∫ ϕm

0
L(d(ϕ)) sinϕdϕ

=
∫ ϕm

0

(
c

4π fc

)2
sinϕ

(R + H)2 + R2 − 2R(R + H) cosϕ
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(
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4π fc

)2

(R + H)2 + R2 − 2R(R + H)u
du
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(
c
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0
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ln

(
v2

v1

)
(35)

where step (a) follows from u = cosϕ, while step (b) follows
from v = (R + H)2 + R2 − 2R(R + H)u.

Consequently, the approximate capture probability can be
formulated as

P◦
SIR = Pr

{
PtGL

(
d
(
ϕo,k

))|ho,k|2
Īk

≥ γI

}

= 1 − F|ho,k|2
(

ĪkγI

PtGL
(
d
(
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)

(a)≈ 1 − 1


(α)
γ
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)
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(
d
(
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))

⎞

⎠ (36)

where step (a) leverages the approximated Gamma distribution
of channel fading described in (11).
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