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Abstract—Orthogonal time frequency space (OTFS) modula-
tion offers robust performance over doubly selective channels,
yet its spectral efficiency is constrained by the conventional or-
thogonal subcarrier spacing. To address this limitation, spectrally
efficient frequency division multiplexing (SEFDM)-based OTFS
intentionally compresses the subcarrier spacing in time-frequency
domain to enhance spectral efficiency while retaining the delay-
Doppler characteristics of OTFS, at the cost of inherent inter-
carrier interference. In this paper, we propose an OMP-based
sparse channel estimation framework for SEFDM-based OTFS
using an impulse-pilot block at the transmitter. We obtain the
corresponding dictionary by deriving the delay-Doppler (DD)
domain input-output relationship of the SEFDM-based OTFS
system, and address the colored-noise issue induced by subcarrier
compression by adopting generalized least squares. Moreover,
we derive both the Cramér-Rao lower bound (CRLB) with
unknown support and the oracle CRLB with known support as
theoretical performance benchmarks for the proposed channel
estimation algorithm. Simulation results demonstrate that the
proposed algorithm closely approaches the oracle CRLB and
exhibits negligible performance variation across different packing
factors.

Index Terms—spectrally efficient frequency division multiplex-
ing (SEFDM), orthogonal time frequency space (OTFS), channel
estimation, orthogonal matching pursuit (OMP), Cramér-Rao
lower bound (CRLB).

I. INTRODUCTION

Orthogonal time frequency space (OTFS) modulation has

attracted increasing interest for high-mobility scenarios, where

strong Doppler spread and fast time-varying multipath can

severely degrade traditional waveforms such as orthogonal

frequency division multiplexing (OFDM) [1], [2]. By map-

ping information symbols to the delay-Doppler (DD) domain,

OTFS represents a doubly selective channel in a more stable

DD domain form, which helps enable reliable equalization and

detection over a wide range of mobilities [3], [4]. However,

practical OTFS systems usually follow the spectral efficiency

limits of orthogonal multicarrier transmission, which can re-

strict bandwidth utilization when higher spectral efficiency is

required [5].

To further improve bandwidth utilization, several recent

studies have explored combining OTFS with non-orthogonal

signaling design [6], [7]. In [6], the Faster-than-Nyquist (FTN)

signaling is combined with OTFS modulation to exploit the

sparse and nearly quasi-static channel representation in the DD

domain, and corresponding detection methods are designed. In

addition, SEFDM-based OTFS has been proposed as another

non-orthogonal OTFS waveform. Compared with FTN-OTFS,

SEFDM-based OTFS is more compatible with the OTFS

framework, and its matrix-based processing is simpler. Al-

though many works have studied non-orthogonal OTFS, most

of which focus on detection, while channel estimation has

been much less studied, especially for SEFDM-based OTFS,

since accurate channel estimation is required for reliable

equalization and detection.

Despite limited studies on channel estimation for SEFDM-

based OTFS, many works have studied channel estimation

for conventional OTFS. In [8], the authors proposed an em-

bedded pilot-aided channel estimation method. However, the

embedded pilot requires threshold setting, which may degrade

the estimation accuracy. To improve performance, the sparse

Bayesian learning (SBL) algorithm [9] and orthogonal match-

ing pursuit (OMP) algorithm [10]–[12] have also been ap-

plied. Compared with OMP, SBL usually incurs much higher

computational complexity while achieving similar normalized

mean squared error (NMSE) performance. Moreover, these

existing methods cannot be directly applied to SEFDM-based

OTFS because they do not account for the inherent inter-carrier

interference (ICI) introduced by the compression of subcarrier

spacing [13].

In this paper, we develop an OMP-based sparse channel

estimation framework for SEFDM-based OTFS, where an im-

pulse pilot block is transmitted to facilitate channel estimation.

The main contributions can be summarized as follows:

• First, we derive the DD domain input-output relationship

model of the SEFDM-based OTFS system under the

assumption of integer delay and Doppler shifts in a dou-

bly selective channel, and construct the OMP dictionary

based on this model.

• Second, since subcarrier compression causes colored ef-

fective noise, we replace the conventional least squares

(LS) step with generalized least squares (GLS) in the

OMP channel estimation.

• Third, we derive the Cram’er–Rao lower bound (CRLB)

with unknown support and the oracle CRLB as theoretical

benchmarks for the proposed channel estimation method.

• Finally, we assess the proposed channel estimation algo-

rithm and the derived bounds using NMSE simulations.
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The results show that the proposed method achieves NMSE

close to the oracle CRLB and is robust to the compression of

subcarrier spaces, with only small NMSE gaps across different

packing factors.

II. SEFDM-BASED OTFS SYSTEM

The block diagram of the considered SEFDM-based OTFS

transceiver is shown in Fig. 1. It consists of an SEFDM-based

OTFS modulator, a doubly selective channel, and an SEFDM-

based OTFS demodulator.

A. SEFDM-based OTFS Modulation

The SEFDM-based OTFS modulation can be realized via

a cascade of two-dimensional transforms. In DD domain,

the quadrature phase shift keying (QPSK)-modulated symbols

x[k, l] with Gray mapping are allocated into an N ×M DD

grid, defined as:{(
k

NT
,

l

αMΔf

)
, k = 0, · · · , N − 1, l = 0, · · · ,M − 1

}
,

(1)

where the QPSK constellation is defined as A = {± 1√
2
±

j√
2
}. Here, NT and αMΔf determine the Doppler and delay

resolutions, respectively. Accordingly, the Doppler and delay

sampling intervals are 1/(NT ) and 1/(αMΔf).
The DD domain symbols x[k, l] are then transformed into

the time–frequency domain by using the inverse symplectic

finite Fourier transform (ISFFT) as:

X[n,m] =
1

NM

N−1∑
k=0

M−1∑
l=0

x[k, l]ej2π(
nk
N −ml

M ), (2)

where n ∈ {0, · · · , N − 1} and m ∈ {0, · · · ,M − 1}.

Next, the time-frequency domain signals are converted into

a continuous time waveform s(t) using the modified Heisen-

berg transform as:

s(t) =

N−1∑
n=0

M−1∑
m=0

X[n,m]gtx(t− nT )ej2πmαΔf(t−nT ), (3)

where gtx(t) is the transmit pulse shape. α is the packing

factor which equals the bandwidth ratio of SEFDM modulation

and OFDM modulation with the same bit rate. When α equals

1, the SEFDM-based OTFS will degenerate into conventional

OFDM-based OTFS.

B. Integer Doubly Selective Channel

Typically, there are a small number of reflectors in the

channel, and only the parameters of delay and Doppler are

needed to model the channel in DD domain. Thus, the sparse

representation of the doubly selective channel is given as:

h(τ, ν) =

P∑
i=1

hiδ(τ − τi)δ(ν − νi), (4)

where hi denotes the complex path gain in the i-th path, δ(·)
denotes the Dirac delta function, and P is the number of paths.

τi and νi represent the delay and Doppler shift associated with

the i-th path, respectively. The taps of delay and Doppler for

the i-th path can be given by

τi =
lτi

MΔf
, νi =

kνi

NT
, (5)

where lτi and kνi represent the integer indexes of delay tap

and Doppler tap corresponding to delay τi and Doppler νi,
respectively.

C. SEFDM-based OTFS Demodulation

At the receiver, the received signal r(t), expressed with

the transmitted signal s(t) over a doubly selective channel,

is shown as:

r(t) =

∫
ν

∫
τ

h(τ, ν)s(t− τ)ej2πν(t−τ)dτdν + w(t), (6)

where w(t) denotes the additive white Gaussian noise

(AWGN).

Then, the received signal r(t) is transformed to a time-

frequency domain signal as:

Y (t, f) = Agrx,r(t, f) =

∫
t′
gHrx(t

′−t)r(t′)e−j2πf(t′−t), (7)

where Agrx,r(t, f) is the cross-ambiguity function, grx(t)
denotes the receive pulse shape, and (·)H is the Hermitian

transpose.

After sampling Y (t, f), the discrete signal Y [n,m] is given

as:

Y [n,m] = Y (t, f) |t=nT,f=αmΔf . (8)

Operations (7) and (8) are referred to as the modified Wigner

transform.

Finally, the SFFT is applied on the discrete signal Y [n,m]
to obtain the DD domain signal y[k, l] as:

y[k, l] =

N−1∑
n=0

M−1∑
m=0

Y [n,m]e−j2π(nk
N −ml

M ). (9)

Although SEFDM-based OTFS improves spectral efficiency,

it inherently introduces ICI at the receiver. Therefore, accu-

rate channel estimation is essential for reliable detection and

interference mitigation. Based on the modulation, channel,

and demodulation steps described above, we can obtain a DD

domain input-output relationship for the SEFDM-based OTFS

system. This relationship is derived in Section III-A and used

in the later channel estimation design.

III. CHANNEL ESTIMATION FOR SEFDM-BASED OTFS

In this section, we develop an impulse-pilot-aided channel

estimation algorithm for SEFDM-based OTFS system to iden-

tify the integer delay and Doppler shift parameters. Owing to

the sparsity of the DD domain channel, the estimation problem

can be regarded as a sparse recovery problem from a linear

model. As the linear model in OTFS [11], the SEFDM-based

OTFS shares a similar linear model, which can be written as:

y = Ψh+w, (10)
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Fig. 1. The block diagram of the considered SEFDM-based OTFS transceiver.

where y is the received DD domain signal vector, Ψ is the

dictionary matrix constructed by configuring possible delay-

Doppler channel parameters. h = [h1, h2, · · · , hMN ]T is the

channel gain in the integer delay and Doppler shift, where

the channel with lτ delay and kν Doppler has the gain of

hlτ∗M+kν
. w denotes the colored effective noise after the non-

orthogonal transform at the receiver.

A. Construction of Dictionary Ψ

On the one hand, the dictionary depends on the transmitted

DD domain pilot x[k, l]. To enhance the correlation perfor-

mance, we employ an impulse pilot, i.e.,

x[k, l] =

{
xp, k = kp, l = lp,

0, otherwise.
(11)

On the other hand, the dictionary is also determined by the

input-output relationship with the single channel path, which

can be derived from (2)-(9) as:

y[k, l, kν , lτ ] =
h

M2

M−1−lτ∑
p=0

ej2π(
pkν
NM )B(p, l)

M−1∑
l′=0

C(p, l′)x[[k − kν ]N , l′]

+
h

M2
e−j2π k−kν

N

M−1∑
p=M−lτ

ej2π(
(p−M)kν

NM )E(p, l)

M−1∑
l′=0

C(p, l′)x[[k − kν ]N , l′],

(12)

where

B(p, l) =
{

M, (αp− l + αlτ ) ∈ MZ,
e−j2π(αp−l+αlτ )−1

e−j 2π
M

(αp−l+αlτ )−1
, otherwise,

(13)

C(p, l′) =
{

M, (αp− l′) ∈ MZ,
ej2π(αp−l′)−1

ej
2π
M

(αp−l′)−1
, otherwise,

(14)

E(p, l)=
{

M, (αp−l + αlτ − αM)∈MZ,
ej2π(αp−l+αlτ−αM)−1

ej
2π
M

(αp−l+αlτ−αM)−1
, otherwise.

(15)
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Fig. 2. Received DD domain pilot in SEFDM-based OTFS with an integer
doubly selective channel.

Based on the pilot design and input-output relationship, the

received DD domain pilot is illustrated in Fig. 2. It can be

observed that the received signal remains impulse-like along

the Doppler dimension. However, along the delay dimension,

since the delay grid spacing becomes 1/(αMΔf) and is no

longer integer-aligned, the subcarrier compression introduces

delay-domain spreading. Nevertheless, the signal energy is still

concentrated around the main peak.

In summary, the dictionary Ψ can be constructed from (12)

as:

Ψ(a, j) = y[k, l, kν , lτ ], (16)

where the path gain h = 1, the indexes a = l ∗ M + k and

j = lτ ∗M + kν .

B. OMP Channel Estimation

The OMP algorithm iteratively identifies the column index

λ∗ of Ψ yielding the maximum correlation with the current

residual, i.e.,

λ∗ = argmax
j

|〈Ψj ,y
t
r〉|, (17)
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Algorithm 1 Proposed impulse-pilot-aided OMP channel es-

timation algorithm

1: Input: y, P , SEFDM-based OTFS Dictionary Ψ, and

noise covariance matrix Σ.

2: Initialization: y0
r = y, Λ = ∅.

3: for t = 0 to P − 1 do
4: λ∗ = argmaxj |〈Ψj ,y

t
r〉|

5: Λ ← Λ ∪ λ∗

6: ĥ = (ΨH
ΛΣ−1ΨΛ)

−1ΨH
ΛΣ−1y

7: yt+1
r = y −ΨΛĥΛ

8: end for
9: Output: support set Λ, and channel gains ĥΛ.

where 〈·, ·〉 denotes the inner product, i.e., 〈c,d〉 = cHd, and

yt
r is the residual signal at the t-th iteration. Then, the selected

index is added in a support set Λ ← Λ ∪ λ∗.

To handle the colored noise in the received DD domain, a

GLS refinement [14] is performed as:

ĥΛ = (ΨH
ΛΣ−1ΨΛ)

−1ΨH
ΛΣ−1y, (18)

where Σ is the noise covariance matrix of w in (10), and ΨΛ

is the submatrix of dictionary indexed by Λ. The residual is

then updated by

yt+1
r = y −ΨΛĥΛ. (19)

When the number of channel paths is known, the OMP

iteration number is set to P . When the sparsity level is

unknown, a residual-based stopping rule is used. In practice,

the threshold can be chosen according to the noise level

and the observation dimension. The proposed impulse-pilot-

aided OMP algorithm with known channel paths is shown in

Algorithm 1.

C. Complexity Analysis

For the proposed algorithm, the correlation step in (17)

has the computational complexity O(M2N2). Since Σ−1 is

known a priori and can be precomputed, the GLS refinement

in (18) and the residual update in (19) have the computational

complexity of O(M2N2+M2N2b+MNb2+b3+2MNb) in

the b-th iteration. Therefore, the total computational complex-

ity over P iterations is O(2PM2N2 +M2N2b1 +MNb2 +
b3 + 2MNb1), where bi =

∑P
b=1 b

i.

IV. CRAMÉR-RAO LOWER BOUND ANALYSIS

In this section, we derive the CRLB for impulse-pilot-

aided channel estimation in SEFDM-based OTFS. The CRLB

provides a performance benchmark based on the Fisher infor-

mation matrix (FIM) and is evaluated under an integer delay-

Doppler channel model as defined in (5).

A. CRLB with Unknown Support

To obtain the CRLB for the unknown channel parameters,

we compute the FIM, defined as:

J(θ) = E

{[
∂

∂θ
ln p(y|θ)

] [
∂

∂θ
ln p(y|θ)

]T}
, (20)

where p(y|θ) is the likelihood function of y given the real-

valued parameter vector

θ =

[	{h}

{h}

]
. (21)

Assume the linear observation model in (10) with w ∼
CN (0,Σ). Then y ∼ CN (Ψh,Σ) and the likelihood is

p(y|h) = 1

πNM det(Σ)
exp

(−(y −Ψh)HΣ−1(y −Ψh)
)
.

(22)

Accordingly, the log-likelihood function with respect to θ can

be written as:

f(θ) = ln p(y|θ) = −(y−μ(θ))HΣ−1(y−μ(θ))−C, (23)

where C is a constant term independent of θ, and μ(θ) =
Ψh(θ) denotes the mean of y.

Based on (23), the first-order derivative with respect to the

i-th element θi is

∂f

∂θi
= −(y − μ)HΣ−1 ∂μ

∂θi
−
(
∂μ

∂θi

)H

Σ−1(y − μ), (24)

where μ = μ(θ). Since E{y−μ} = 0, we have E{∂f/∂θi} =
0. Furthermore, using the standard identity for proper complex

Gaussian models with a mean that depends on the parameters

and a covariance matrix independent of the parameters, the

(i, j)-th element of the FIM can be expressed as:

Ji,j = −E

{
∂2f

∂θi ∂θj

}
= 2	

{(
∂μ

∂θi

)H

Σ−1

(
∂μ

∂θj

)}
.

(25)
Now let h = hR+jhI, where hR = 	{h} and hI = 
{h}.

Then μ = Ψ(hR + jhI), which yields

∂μ

∂hR
= Ψ,

∂μ

∂hI
= jΨ. (26)

Substituting (26) into (25) gives the FIM as:

J(θ) = 2

[	{ΨHΣ−1Ψ} −
{ΨHΣ−1Ψ}

{ΨHΣ−1Ψ} 	{ΨHΣ−1Ψ}

]
. (27)

Finally, the error covariance of estimator θ̂ satisfies

E

[
(θ̂ − θ)(θ̂ − θ)T

]
� J(θ)−1. (28)

B. Oracle CRLB with Known Support
In sparse DD domain doubly selective channels, h typi-

cally has P nonzero entries with an unknown support set

S ⊂ {1, . . . ,MN}, |S| = P . Since h is sparse, adopting the

oracle CRLB under the sparsity assumption yields a tighter

performance bound than the CRLB with unknown support

[15]. If the true support S is known a priori, the observation

model reduces to

y = ΨShS +w, (29)

where ΨS ∈ C
MN×P is the submatrix formed by the columns

of Ψ indexed by S , and hS ∈ C
P×1 collects the nonzero

coefficients. Defining the real-valued parameter vector

θS =

[	{hS}

{hS}

]
, (30)
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the FIM follows the same form as (27) with Ψ replaced by

ΨS

J(θS) = 2

[	{ΨH
S Σ−1ΨS} −
{ΨH

S Σ−1ΨS}

{ΨH

S Σ−1ΨS} 	{ΨH
S Σ−1ΨS}

]
. (31)

Therefore, for the estimator θ̂S of θS ,

E

[
(θ̂S − θS)(θ̂S − θS)T

]
� J(θS)−1. (32)

This oracle bound uses the support information and therefore

serves as a useful benchmark for the sparse channel estimation

algorithms. Such algorithms typically first estimate the support

and then estimate the corresponding nonzero coefficients, as

in Algorithm 1.

V. SIMULATION RESULTS

In this section, we validate the proposed OMP channel

estimation algorithm and the derived CRLB for the SEFDM-

based OTFS system. The performance is evaluated in terms of

the NMSE of the estimated channel vector, defined by

NMSE =
E

[
‖ĥ− h‖22

]
E

[
‖h‖22

] , (33)

and the corresponding NMSE of the bounds, namely the

CRLB with unknown support NMSEU and the oracle CRLB

NMSEO, are used as benchmarks and defined as:

NMSEU =
tr
(
J(θ)−1

)
E

[
‖h‖22

] , (34)

and

NMSEO =
tr
(
J(θS)−1

)
E

[
‖h‖22

] , (35)

respectively. The system parameters are set as follows. The

channel is modeled as an integer doubly selective channel.

Specifically, the maximum number of channel paths is set to

P = 4, with the maximum delay index lτ,max = 3 and the

maximum Doppler index kν,max = 3. The delay and Doppler

indices of each path are randomly generated according to

a uniform distribution within the specified ranges. For each

realization, the complex path gains are drawn as independent

random complex coefficients, and the overall channel power

is normalized.

For the proposed OMP channel estimator, Fig. 3 illustrates

the NMSE performance under the setting of N = 8 and

M = 8. The results are under different packing factor α and

for two stopping cases: known P means that the OMP itera-

tions are fixed to the true sparsity level, whereas unknown P
indicates that the algorithm stops according to a residual-

based criterion. The NMSE decreases monotonically with the

increase of Eb/N0. For different packing factor α, a slight

NMSE increase is observed as α decreases, indicating that

subcarrier compression only marginally affects the proposed

OMP algorithm and thus demonstrating its robustness against
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Fig. 3. NMSE performance of the proposed OMP-based channel estimation
for SEFDM-based OTFS under different α.

non-orthogonality. In addition, at low Eb/N0, known P is

slightly worse than unknown P because fixing the iteration

number forces OMP to select P even when the residual is

dominated by noise, which increases the probability of picking

wrong atoms and leads to noise overfitting; in contrast, the

residual-based stopping rule may terminate earlier and avoid

unnecessary iterations.

We investigate the impact of the symbol size on the pro-

posed OMP algorithm for N ∈ {12, 20, 28}. The packing

factor is α = 0.8. The results show that the increasing N
consistently improves the estimation accuracy, since the larger

symbol size provides more observations and improves the

effective sensing diversity for sparse recovery. For each N , the

proposed OMP closely tracks the corresponding oracle CRLB.

Moreover, in low Eb/N0, the OMP algorithm with bigger N
is closer to the corresponding oracle, which indicates that a

larger amount of data leads to stronger correlation reliability,

thereby increasing the probability that OMP selects the correct

dictionary atoms in SEFDM-based OTFS system.

In Fig. 5, we compare the NMSE performance of different

channel estimation algorithms for the SEFDM-based OTFS

system. The packing factor is set as α = 0.8, and N = 8,

M = 8. The LS estimator represents a non-sparsity-aware

approach without exploiting any support information, which

is much worse than the sparse estimation algorithms. The

proposed OMP using the derived SEFDM-based OTFS dic-

tionary significantly outperforms LS and achieves an NMSE

very close to Oracle LS. When the true support is assumed

known, Oracle LS also with a derived SEFDM-based OTFS

dictionary provides a substantial gain and closely approaches

the oracle CRLB, serving as an upper performance reference

for sparse-recovery based methods. Moreover, OMP with a

mismatched dictionary suffers from a pronounced error floor,

indicating that the dictionary must consider the inherent ICI

in SEFDM-based OTFS modulation to achieve performance

close to the oracle CRLB. Finally, the oracle CRLB is tighter
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-10 -5 0 5 10 15 20 25

E
b
/N

0
(dB)

10-4

10-3

10-2

10-1

100

101

N
M

S
E

Fig. 5. NMSE comparison under different channel estimation algorithms and
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for the sparse channel estimation, highlighting the performance

gain that can be achieved when sparsity support information

is exploited.

VI. CONCLUSION

This paper investigated impulse-pilot-aided channel estima-

tion for SEFDM-based OTFS over integer doubly selective

channels. By explicitly incorporating the SEFDM-induced

non-orthogonal coupling into the end-to-end input-output re-

lation, we derived a matched sensing dictionary and devel-

oped an OMP-based sparse channel estimation algorithm. We

further established CRLB benchmarks under both unknown

support CRLB and oracle CRLB assumptions to characterize

the performance limits. Simulation results demonstrated that

the proposed OMP algorithm for SEFDM-based OTFS sig-

nificantly outperforms LS and mismatched-dictionary OMP,

and approaches the oracle CRLB. In addition, the algorithm

has been shown to be robust to subcarrier compression. These

results validate the effectiveness of the proposed approach

and provide useful guidelines for the channel estimation in

SEFDM-based OTFS system. In future work, we will investi-

gate channel estimation in the presence of fractional Doppler

spread and explore more advanced support recovery methods

to further enhance the estimation performance.
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