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Abstract—Signal clipping effectively mitigates the high peak-
to-average power ratio (PAPR) problem in multi-carrier systems
like orthogonal chirp division multiplexing (OCDM). However,
the nonlinear distortion induced by clipping severely degrades
the performance of both channel estimation and symbol detec-
tion. To address this challenge, we propose a hybrid iterative
receiver that combines clipping expectation propagation (CEP)
and variance modification generalized approximate message
passing (VMGAMP) for clipped OCDM systems. Specifically, by
factorizing the a posteriori probability of the received signal, a
unified factor graph is constructed, where the clipping factor
serves as a gate block that schedules the message flow according
to clipping state. Subsequently, a CEP-based channel estimator
is developed, in which a clipping approach based on signal
reconstruction is designed under the gate mechanism. To reduce
computational complexity of moment matching, a truncated
adaptive uniform-grid quadrature is employed. Furthermore,
a VMGAMP-based detector is designed for symbol detection,
alongside a refined VMGAMP (rVMGAMP) variant tailored
for severe clipping scenarios. Variance modification is adopted
to refine the variance estimation associated with the clipping
distortion. Additionally, a Cramér-Rao lower bound (CRLB)
is derived to provide a theoretical benchmark for the CEP-
based estimator. Numerical results demonstrate that the pro-
posed CEP-VMGAMP-based iterative receiver significantly out-
performs baseline schemes for clipped OCDM systems.

Index Terms—Clipping distortion, clipping expectation prop-
agation, factor graph, iterative receiver, orthogonal chirp divi-
sion multiplexing, variance modification generalized approximate
message passing.

I. INTRODUCTION

RTHOGONAL chirp division multiplexing (OCDM) has

been proposed as a novel multi-carrier transmission
scheme for high-speed communication [1]. Unlike orthogonal
frequency division multiplexing (OFDM), where each data
symbol is carried by an individual subcarrier, the inverse dis-
crete Fresnel transform (IDFnT) spreads each Fresnel-domain
symbol over the entire OCDM block. This double-spreading
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property enables OCDM to exploit multipath diversity in
frequency-selective channels, which improves its robustness to
time-burst and narrowband interference. Moreover, the discrete
Fresnel transform (DFnT)/IDFnT can be implemented using
fast Fourier transform (FFT)/inverse FFT (IFFT) operations
and diagonal phase rotations, allowing most of the conven-
tional OFDM transceiver architecture to be retained with lim-
ited modification [2]-[4], and thereby making OCDM a poten-
tial candidate for next-generation mobile communications [5],
[6]. Considering the aforementioned advantages, there is a
wealth of literature on OCDM transmission in the fields of
terrestrial wireless communication [7], integrated sensing and
communication [8], underwater acoustic communication [9],
[10], and optical communication [11], etc.

However, the implementation of OCDM is still challeng-
ing. In particular, many studies have analytically shown that
OCDM experiences the same high peak-to-average power
ratio (PAPR) problem as OFDM [4], leading to low en-
ergy efficiency and nonlinear distortion in the high power
amplifier (HPA) [12], [13]. This issue becomes even more
severe when the HPA is driven close to saturation in order
to improve energy efficiency. To characterize this effect, sub-
stantial research efforts have modeled HPA nonlinearity using
memoryless models [14] and Volterra-series models [15]-[17].

On the other hand, various PAPR reduction solutions have
been proposed for multi-carrier systems [18]-[22]. With these
techniques, the system can operate at a higher average power
while maintaining an almost linear amplification property,
thereby improving the energy efficiency of the HPA. For
instance, the authors in [18] proposed a probabilistic technique
along with predistortion, reducing the PAPR of OCDM in
a joint radar-communication system. Additionally, the chirp-
reservation-based [19] and tone-reservation-based [20] PAPR
reduction schemes were presented, which efficiently reduce
the PAPR of OCDM. Nevertheless, the above methods require
reserving subcarriers, which deteriorates the spectral efficiency
significantly. Accordingly, selected mapping (SLM) and partial
transmit sequences (PTS) [21] are two classical methods for
OFDM PAPR reduction without reserving dedicated subcarri-
ers. However, these schemes require side information at the
receiver, which introduces overhead and reduces the effective
spectral efficiency. Alternatively, signal clipping is another
effective approach to reduce PAPR by introducing clipping
distortion into the transmission signal. Although this approach
does not sacrifice spectral efficiency, it introduces both in-
band and out-of-band interference, thereby degrading system
performance [12].

To this end, numerous works have been dedicated to han-
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dling clipped multi-carrier systems. For example, an iterative
compensation method was proposed to handle clipping dis-
tortion in clipped OFDM systems by suppressing the cor-
relation among symbols. To further improve the detection
performance, message passing-based receivers for clipped
multi-carrier systems were proposed [23], [24]. In [23], a
generalized approximate message passing (GAMP)-based re-
ceiver for nonlinearly distorted OFDM signals was proposed,
which exhibits robust performance in frequency-selective fad-
ing channels. Further, a fast-GAMP (FGAMP)-based symbol
detection method was proposed in [24], which mitigates clip-
ping distortion through an iterative procedure with much lower
complexity compared to the original GAMP and sub-optimal
maximum likelihood (ML) algorithms. It is worth noting that
the above GAMP/FGAMP receivers mainly address symbol
detection for nonlinearly distorted OFDM signals. In particu-
lar, the receiver in [23] assumes perfect channel estimation and
performs frequency-domain channel equalization separately
before GAMP detection, whereas [24] primarily focuses on
reducing the computational complexity of the GAMP detector.
However, both methods are developed for nonlinearly distorted
OFDM systems and do not incorporate the unknown channel
coefficients and transmitted symbols into a unified iterative
inference framework.

In the considered clipped OCDM system, the IDFnT
spreads each Fresnel-domain symbol over the entire time-
domain block, so time-domain clipping nonlinearly couples
the Fresnel-domain symbols, while the resulting distortion is
further mixed by the unknown frequency-selective channel.
This coupling leads to a bidirectional dependence in which
channel uncertainty affects clipping mitigation and symbol
detection, while the reliability of data-aided channel esti-
mation depends on the current soft symbol beliefs. Such
a dependence motivates iterative soft-information exchange
between the channel estimator and the symbol detector. To the
best of our knowledge, joint channel estimation and symbol
detection for OCDM in the presence of clipping distortion have
not been explicitly addressed, which motivates the proposed
receiver based on clipping expectation propagation (CEP)
and variance modification generalized approximate message
passing (VMGAMP).

Motivated by the above discussion, we propose a joint
channel estimation and symbol detection receiver for clipped
OCDM systems. Specifically, the proposed receiver consists of
a CEP-based channel estimator, a VMGAMP-based symbol
detector, and a refined VMGAMP (rVMGAMP) variant for
severe clipping scenarios. The resulting iterative receivers are
referred to as CEP-VMGAMP and CEP-rVMGAMP, respec-
tively. The main contributions of this paper are summarized
as follows:

e Based on the probabilistic model of OCDM signal, a
message passing-based iterative receiver is developed for
joint channel estimation and symbol detection. Unlike
existing GAMP/FGAMP-based clipped-OFDM receivers
that perform symbol detection with known or separately
handled channel information, the proposed factor graph
treats both the channel vector and the symbol vector
as unknown variables and supports bidirectional soft-

information exchange between channel estimation and
symbol detection. We construct the factor graph by fac-
torizing the a posteriori probability of the transmitted
symbols and channel coefficients, where a clipping node
with gate mechanism is used to control the message flow
within the graph. Based on the factor graph, we design a
cross-domain iterative receiver for clipped OCDM, which
performs channel estimation, clipping distortion mitiga-
tion, and symbol detection in the frequency-domain, time-
domain, and Fresnel-domain, respectively.

e Based on the properties of clipping, a CEP channel es-
timation algorithm is developed accordingly. To mitigate
the impact of clipping distortion on channel estimation,
a clipping approach based on signal reconstruction is
utilized. Moreover, since the frequency-domain spreading
of the OCDM signal makes moment matching computa-
tionally prohibitive for channel estimation, a truncated
adaptive uniform-grid quadrature is developed to reduce
computational complexity while maintaining satisfactory
estimation accuracy.

e To improve the reliability of symbol detection, we
develop a VMGAMP-based symbol detector together
with an r'VMGAMP variant. To facilitate the distortion
mitigation, a channel decoupling-coupling transforma-
tion is introduced to decouple the influence of channel
spreading on clipped signal. In addition, clipping dis-
tortion mitigation method based on clipping detection
and variance modification is embedded into the channel
decoupling-coupling transformation. For the proposed
VMGAMP framework, the circularly symmetric complex
Gaussian (CSCG) model for effective distortion noise
offers lower computational complexity, whereas the im-
proper complex Gaussian (ICG) model provides better
performance under severe clipping at the cost of a slight
increase in computational complexity.

e To evaluate the performance of the proposed channel
estimator, we derive a Cramér-Rao lower bound (CRLB)
for channel estimation in clipped OCDM systems. The
probability density function of the time-domain envelope
of the multi-carrier signal is utilized to derive a closed-
form expression for the power reduction, which is then
applied to derive the CRLB. Furthermore, numerical
results are provided to validate the effectiveness of the
proposed joint channel estimation and symbol detection
algorithms.

The rest of this paper is organized as follows. The system
model is given in Section II. In Section III, the CEP channel
estimation algorithm and the VMGAMP symbol detection
algorithm are developed for clipped OCDM systems, and the
proposed CEP-VMGAMP-based joint channel estimation and
symbol detection algorithm is derived. In Section IV, the
CRLB of the proposed channel estimation algorithm is de-
rived. The performance of the proposed algorithms is evaluated
in Section V. Finally, our conclusions are drawn in Section VI.

Notations: Boldface capital and lowercase letters denote
matrices and vectors, respectively. Specifically, z,, and X,, ,
denote the n-th element of the vector x and the (m,n)-th
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TABLE I
LIST OF VARIABLE NOTATIONS

b, c, ¢l cm,. Information-bit vector, coded-bit vector, g-th bit of z,,,
and binary label of M., .

Fresnel-domain symbol vector, its m-th entry, and its
soft estimate.

Unclipped/clipped time-domain OCDM signals and their
n-th entries.

X, T, X

u, Up, U, Up

S, T, Y. Yp Transmit signal, received signal, data observation, and
pilot observation.

W, Wy, welP Data noise, pilot noise, and equivalent clipping distortion.

Xp, Xp Fresnel-domain pilot and its time-domain counterpart.

z, z Channel-output variables before and after clipping.

oxt " yTike "y post Extrinsic, likelihood, and posterior symbol messages.
Prior, likelihood, and posterior time-domain messages.
Prior, likelihood, and posterior channel-output messages.
Time-domain channel prior, posterior, and feedback
likelihood messages.

Frequency-domain channel prior, likelihood, and
posterior messages.

Prior and posterior mean/variance of channel tap h;.

X
uprmr7 ullke, upost

gprior ke post

prior post Tike
l,‘TD ’ hTD ’ hTD,b

prior p.like 1.pOst
hpp”, hgp, hgp

a a T T
My Vpy> Mpys Uk
T T
Mhy—fn> Yhy—fn
t ~1
bf7L~>}LL’ Tfn—h]

Telip,n»> Teff,n
var
Py s Pns N, L

1

Mean/variance of the feedback message from h; to fy,.

Mean/variance of the likelihood message from f,, to h;.

Clipping-distortion variance and effective variance.
ICG pseudo-covariance, posterior phase, and
radial/tangential distortion components.

pr, TRl Pt Coupled and decoupled likelihood-message
means/variances.

ﬁ;, -r:j’f‘, quOSt‘t, Decoupled prior mean/variance and posterior

Tﬁ’p“t’t mean/variance of u,,.

oot st ot Recoupled posterior mean/variance and GAMP residual
mean/variance.

Afvm‘ T;';Z Mean/variance of the likelihood message for symbol ., .

L;efc(c‘jn), Extrinsic log-likelihood ratios (LLRs) from the LDPC

L"’iﬁ(C?n ) decoder and symbol detector.

element of the matrix X, respectively. The operations (-)*,
()T, (O, ()71, and tr(-) denote the complex conjugate,
transpose, conjugate transpose, matrix inverse, and trace oper-
ation, respectively. I, is the identity matrix with size L x L,
and D(x) represents a diagonal matrix constructed from the
vector x. The operator @ is element-wise division, and R{x}
denotes the real part of x. CN(z;mg,v,) denotes a CSCG
distribution of variable x with mean m, and variance v,.
CN1(z;my, vy, ps) denotes an ICG distribution of variable
x with mean m,, variance v, and pseudo-covariance p,. The
operator o< denotes equality up to a constant normalization
factor. Furthermore, E {-} denotes the expectation operation.
tanh(-) denotes hyperbolic tangent function. p(-) denotes a
probability density function (PDF). Moreover, Z and N7T
denote the set of integers and the set of positive integers,
respectively. clip(-) denotes the clipping operation. 1y and
0y denote the all-one column-vector and the all-zero column-
vector of length N, respectively. The superscripts prior, like,
post, and ext denote prior, likelihood, posterior, and extrinsic
messages, respectively, while the subscripts TD, FD and
SD denote the time-domain, the frequency-domain, and the
symbol detection, respectively.

II. SYSTEM MODEL
A. Transmitter

The transceiver of the low-density parity-check (LDPC)-
coded OCDM system is shown in Fig. 1. At the transmitter,
N, information bits b are encoded, and N, coded bits c
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Fig. 1. The transceiver of the LDPC-coded OCDM system.

are divided into Ny groups, where each group contains
Nps = N./Ny bits, and block length is Ny = Nys/Q, where
Q@ = log, |[M|. The coded bits are mapped to quadrature am-
plitude modulation (QAM) symbols, where the constellation
set is M £ {My, ... Myp.}. Let ¢ € {1,...,Q} denote
the bit index within one symbol. Here, each element M,
corresponds to a binary vector ,,,, = [c}, , ..., c%C]T. Then,

the IDFnT is used to transform the QAM symbols into OCDM
symbol block u, given by

u=&"x, (1

where x € CMeX! contains the QAM symbols. Here, we
assume the number of subcarriers in an OCDM symbol block
is Ng4. ® is the DFnT matrix with size Ny x Ny, given by

(m—n)?

1 - e/ ~a Ny = 0(mod?2)

D, ., = e 14 x . 1 2 ¢ .
" VN ¥ (M) N = 1 (mod2)

2

Then, the signal is clipped according to the clipping thresh-
old C., which can be expressed as

lun| < Cy
|un| > C ’

Un s
21 Zu
Crel ,

U, = clip(uy,) = 3)
where u,, is the n-th element of u and Zu,, is the phase angle
of u,, and n € {1,...,Ny}. The clipping ratio is defined
as C,./o [24], where o? denotes the average power of each
OCDM symbol and is normalized to unity.

Finally, a pilot and a cyclic prefix (CP) are inserted into
each symbol block for channel estimation and mitigating the
inter-symbol interference (ISI). Since the pilot is designed as
a constant-envelope chirp sequence with amplitude below the
clipping threshold, it is assumed to remain unclipped through-
out this paper [10]. Specifically, X,, = @f X, where @f is the
IDFnT matrix with size N, xN,, and x, = [\/N,,0,...,0]"
with NV, being the length of the pilot.

B. Receiver

At the receiver, the CP is removed. Accordingly, the signal y
and pilot y, are separated. The received data signal can be
represented as

y=Hu+w
= Hclip(®7x) + w 4)
=H®"x + Hw® + w,
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Fig. 2. Factor graph for joint channel estimation and symbol detection of
OCDM signal with clipping distortion.

where weP £ clip (8x) — ®x denotes the clipping-
distortion vector, and H is a column-wise circulant matrix
of size Ny x Ny. Although w°iP appears as an additive
term in the above model, it is deterministically generated
by x and is therefore not independent noise. The frequency-
selective channel further mixes the clipping distortion across
the time-domain symbols. Consequently, joint inference of
the channel vector h and the symbol vector x is nonlinear
and nonseparable, which motivates iterative soft-information
exchange between channel estimation and symbol detection.

The first column of H is [hy, ha,...,hr,0,...,0]7, where
h; denotes the [-th channel impulse response (CIR) coefficient,
1 € {1,...,L} is the channel-tap index, and L denotes the
pre-specified maximum CIR length. Moreover, w denotes the
additive white Gaussian noise (AWGN) vector. In addition,
Yp = Hp‘I'f X, + W), is the received pilot, where H,, is a
column-wise circulant matrix of size N, x N,,.

III. THE PROPOSED CEP-VMGAMP-BASED JOINT
CHANNEL ESTIMATION AND SYMBOL DETECTION
ALGORITHM

In this section, we propose a CEP-VMGAMP-based joint
channel estimation and symbol detection algorithm for clipped
OCDM systems. The main idea of the proposed receiver
is to divide the joint inference problem into three cou-
pled functions. The clipping gate models the piecewise clip-
ping relation and schedules messages according to the clip-
ping state. The CEP estimator refines the pilot-initialized
channel estimate by exploiting reconstructed soft symbols,
while the VMGAMP/rVMGAMP detector performs channel
decoupling-coupling, clipping-distortion mitigation, and soft
symbol detection. These modules exchange channel and sym-
bol messages in the turbo schedule summarized in Algo-

rithm 3, together with decoder extrinsic information in LDPC-
coded systems.

According to (4), the a posteriori probability of the channel
parameters and transmitted symbols can be factorized as

p(xh|y,yp) < p(y | Z2)p(z | h,a)p(t | u)p(u | x)p(h)p(x)
X Hp(yn | Zn)p(én | h, @) Hp(ﬂnu ‘ unu)p(“nu | X)

n u

X Hp(mm)p(h|xp>3’p)>

)
where p(yy, | Zn) ~ CN (Yn; Zn, 02) is the likelihood function,
p(Z | h, @) is a delta function defined by linear transform z =
Hu, p(@ | u) delta function is defined by clipping in (3),
p(u | x) is defined by OCDM modulation in (1), p(h) is
the a priori probability of the channel parameters, p(x) is
the a priori probability of transmitted symbols, and o2 is the
variance of noise. p(h) denotes the pilot-initialized Gaussian
prior approximation of the channel parameters, which is ap-
proximated as p(h) =~ p(h|x,,y,). It is constructed from the
pilot observation model and will be specified in Section III-B.

A. Message Passing for Signal Clipping

Based on the factorization of the a posteriori probability
in (5), a factor graph is constructed. As shown in Fig. 2, the
factor graph characterizes the statistical relationships between
variables, where the squares denote the factor nodes (FN) and
the circles denote the variable nodes (VN). Additionally, each
frame consists of Nyx OCDM symbol blocks, and each symbol
block corresponds to a slice shown in Fig. 2. The clipping
nodes in Fig. 2 follow the standard gate notation of [25],
where 0, = 0 and 6,, = 1 activate the unclipped and clipped
branches, respectively. The belief propagation (BP) update
equations and the corresponding messages at the clipping
factor are provided in Appendix A.

As p(@y, | u,) represents a piecewise function, we introduce
a gate mechanism in [25] into the clipping node to control
the flow of messages. Specifically, 6, is a selector variable
indicating which branch of the clipping function is active.
Therefore, p(iy, | un,0,) can be represented as

P(Tn | Un,0n) =0(th, — Cre?>™44n)0n (i, — u,) =0,

(6)
where 0,, = I(|u,| > C,.) is a binary latent random variable
induced by the random variable wu,, and 6(-) denotes the
Dirac delta function. The mapping from w, to 6, is deter-
ministic, but #,, remains random because w,, is random and
unknown at the receiver. 1 is the indicator function, which
equals 1 if the event is true and O otherwise. p(iy,|u,) =
26, e{0,1} P(On|un)p(tin|un, 0,) is equivalent to the original
piecewise clipping function in (3). Following the standard gate
representation in [25], the realization of ,, determines which
clipping branch is active. When the signal is not clipped,
ie, 0, = 0, the FN p(@, | uy,) is actually an equality
constraint and the messages can be computed on the factor
graph in the same manner as in conventional message passing.
However, once the selector detects that the observation 4 is
clipped, the gates adaptively route the messages propagating
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between 4 and u along the clipping piece, and the subsequent
message is computed by considering the clipping property.
Considering the effect of clipping distortion on the signal,
we model the nonlinear segment of the piecewise function
by y = z+ HwP +w, where we!'P represents the distortion
induced by clipping.

The key issue is that, if the clipping-induced uncertainty is
ignored, a clipped sample is processed using only the AWGN
variance o2. This underestimates the effective uncertainty and
yields an over-confident likelihood message. To address this
challenge, the effective error is approximated as a CSCG
variable, i.e., HwP +w ~ CN (HwP +w;0y,, 1y, 0€Y),
and the precision €Y is introduced as a hidden random variable,
and y ~ CN (y;z,1 2 €Y). According to the mean-field (MF)
rules, the message passed from factor node f,, to variable
node €Y is given by

mf?/n ‘?6% (63’/7,) X exp {]Ezn [log fy” (yn | Zns 6%)]}
x €2 exp {—6%(|yn - ﬁn|2 + 75)} )

b(ey) X fe ( )mfy —e¥ (ey)v (8)
where fov () o< 1/€
134 / el b(e¥)de?

° ©)

|yn 7ﬁn|2 + 7_712.

)

¥, and the mean of noise precision €¥ is

Since the Gaussian message of z, is characterized by mean
pn and variance 72, the denominator in (9) is the residual
second moment, i.e.,

Ezn Hyn - Zn‘Q] = |yn _ﬁn|2 + 7—2- (10)
Therefore, (é%)f1 estimates the aggregate power of the clip-
ping distortion and AWGN. Since the AWGN variance o2
is known, the excess residual power is attributed to clipping
distortion.

The received signal is corrupted by both additive noise and
clipping distortion, and the variance of clipping distortion is

expressed as

tr(H-HHAH)

A A2 p 2
Tclip,n = Nd max (07 ‘yn - pn| + 7-71; - Un) )
1D
'f_of'f,n = 'f_clip,n + 7_7?3 (12)

where 4, and 7% are derived later. It should be empha-
sized that the above CSCG model is a tractable second-
order approximation rather than the exact distribution of
the signal-dependent clipping distortion. Higher-order non-
Gaussian statistics are not explicitly represented by this ap-
proximation.

The CSCG approximation is suitable when clipping is
mild or the effective error is dominated by AWGN, for
which the radial and tangential uncertainties are comparable.
Under severe clipping and high signal-to-noise ratio (SNR)
conditions, signal clipping mainly introduces uncertainty along
the radial direction, resulting in nonzero pseudo-covariance.
In this regime, the CSCG approximation causes a noticeable

performance loss. Therefore, the ICG model is adopted to
preserve this second-order noncircularity. Based on the above
derivation for CSCG, the corresponding message updates
under the ICG model are further derived [27]. Considering
the CSCG and ICG distributions, the proper messages and
improper messages are expressed as

n ~CN (up; pty, TP, (13)
Unp, NCNI (ﬂn; ﬁzn (Tn’ + Tchp n)’p;/lar t)
X exp(—(ua - Ma)HC (ua - Ha)) ) (14)

where p,,, 72, a!,, 7% are derived later. The derivation of the

correspondmg covarlance model is provided in Appendix A.
The resulting posterior variance, pseudo-covariance, and mean
are given below. Under severe clipping, the ICG model retains
the clipping-induced pseudo-covariance py"¢ = 7. 2%,

clip,n
@, is the a posteriori phase angle, which is expressed as

- it 4

T
¢ e Pn + hp L,
¢n - a,t p t )
Tn

serp + o

(15)

Tﬁ’
where e and ‘ut ‘2 are the variances of éu and an,

respectively. The determinant of covariance matrix is

A u,t ~t 3297, |2
D= ( + 7—clip n) | clip, n€ (16)
_ u,t
= 7hb(rit 4 27! clip.n) > 0.
The a posteriori covariance and pseudo-covariance are
upost,t «
Upost = Ty, = Ka (17)
Ppost = A’ (18)
St At j2¢t
n """111;, n Telip,n€ ™ 2
wherea_ﬁz,—kiD B=——der — A=qa?—
|3]2, and the a posteriori mean is
ost,t __ 9 ok
Hpost = UE = UpostT] + Ppost?] (19)
where
ot At | At at _ #t §20¢ (=t \x
77 _ Dn (Tn + 7—clip 71)“’ Cllp ne (un) (20)
T bt
Tn Tn (7-71 + 27! chp n)

B. CEP Channel Estimation Algorithm

To estimate channel parameters and detect data symbols
accurately, a CEP-VMGAMP-based joint channel estimation
and symbol detection algorithm is proposed. More specifically,
the pilot is used to obtain the least-squares (LS) estimate of the
channel, which is then employed to construct a Gaussian prior
approximation of the channel parameters. Then, the likelihood
and the a priori information of the symbols are utilized for
data-aided channel estimation, which are given by symbol
detector and LDPC decoder, respectively.

Fig. 3 illustrates the message flows of the channel estimation
algorithm. The input messages consist of the a posteriori
messages xP°t (i.e., kPOt and #L50) from the signal detec-
tor, the time-domain a priori messages h')" from the pilot-
based channel estimation, and the frequency-domain a priori
messages hP1°" derived from the input signal. The output
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Fig. 3. The message flows of the CEP-based channel estimator.

messages are the a posteriori channel message th°bt passed to
the symbol detector, the frequency-domain hkehhood message
hlike and the feedback likelihood message hl%lg’b used in the
next CEP update.

For ease of understanding, the CEP channel estimation
algorithm is decomposed into four steps as follows:

1) Reconstructed-signal clipping step (Line 5 in Algo-
rithm 1) computes the messages mi and 0 v~ .
2) Moment matching step (Line 6 in Algorlthm 1) com-
putes the messages /g, and 0% ;.
3) Decoupling step (Lme §'in Algorlthm 1) computes the
messages b #.—n, and Tfn*)hl
4) Belief step (Line 12, 14 in Algorithm 1) computes the
messages mj, , vy, My, .y and v ¢ .
From the pilot observation model, the LS estimate is first
obtained and then used to construct a Gaussian prior approx-
imation p(h) ~ CA (h;m{, v{), which is expressed as

1
my = —®,y,, (21)
VNp
L,
Y= —0o21N.. 22
vh Npo-’n, Np ( )

The detailed expectation propagation (EP) moment-matching
derivation of 7z . 9% 5, and p; is provided in Ap-
pendix B. These expectations are evaluated using the truncated
adaptive uniform-grid quadrature described below.

Because of the time-frequency domain spreading prop-
erty of OCDM systems, the computational complexity of
marginalization on frequency-domain symbols is O(|M|N4),
which results in prohibitively high computational complexity.
Therefore, a truncated adaptive uniform-grid quadrature is
proposed to handle this issue, where the sampling region is
selected as a rectangular area centered at ﬁz%n with side length

2, /f)—fZn /2 along both the real and imaginary dimensions. The
expectation is approximated as

= Z I (Un) pm (tn)

~ [ 1(3,) p(@,)aa,
~;f () i),

B, [f (tn)]

(23)

where w,, is approximated as H/n, 67; is obtained by uniform-
grid sampling in the truncated integration region of ﬂ;l, and
pm(ﬂ;) is the probability mass function (PMF) of ﬂ;;. Note
that the computational complexity of the proposed truncated
adaptive uniform-grid quadrature is independent of the mod-
ulation order. With 7, and 0% .hy» the messages from
factor node f, to varlable node hy can be represented as

Mtfn_>h1 (hl) = CN (En’lhl; btfn_>hl : 72]2271_>hl> ’

where the likelihood messages hllkc (.e., bt Fr—shy and 7 Tf )
can be represented as

(24)

~t
1 oL
2t _ t—1 At Entht — t—1
by, sh = (pn”hl—m) Mz, h — i1 SEn My, 5,
hi— fn

f”( )

=Ea, (@) (pn) "+ Enamiy Ly, (25)
7A-Jtcn%hl :((@tEn,zhz)_l (Uzlifn)_1>_1
=(ph) " —vp Ly (26)

According to the BP rules, the a posteriori probability
distribution of h; is expressed as

th, (ha) = p (o) T e, e ()
n (27
= CN (hi;mj,,,v},,)
where the a posteriori messages hbo" (ie., myj,, and v}, ) can
be represented as

my
t h = f —hy
who=h (G T E ) e
Vh, Thn—hi
-1
t }:
vhl ,Uhl + Tfnﬁhl 5 (29)
where mj and vp denote the a priori messages. The

messages from variable node h; to factor node f, can be
represented as

fhy— 1., (i) = p (ha) H 1y, —n, (he)
n’'#n
=CN (hl;mzl%f vvltzlﬂf ) ,

(30)

where the feedback likelihood messages th“§§ p (e, mhl o
and v, , f,) can be represented as

m
t _ hy —% fn—h
Mpy—fn = Yhi—fn vl - nlA} h
1 n—hy
t t ¢
t Uh, (mhz b n%hz)
=mp, + 2t ot ) 31
Tta—=hy — Un
-1
t _ -1
Uhysf, = | (W)™ L Z Tf s —hy)
/;én
_ t \—1 At —1\—1
= ((Wh) ™ = (Fsn) ™) - (32)

According to the aforementioned derivations, the CEP
channel estimation algorithm for clipped OCDM signal is
summarized in Algorithm 1.
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Algorithm 1 Proposed CEP Channel Estimation

1: Initialization: ¢ = 1,m} ,, =mg v} ., =vj,l=
. L,TL = ]., cony Nd.
2: Input: y; pilot-initialized channel prior h27"; symbol

posterior messages xP°%*~! from the symbol detector and
LDPC decoder; CEP feedback messages m! hois Z,i £
C,, a , N4, L, and the number of quadrature points K.
: forn_ltoNd do
Compute b, 7y and 7'
Compute m~ and 11~

3
4 with (88) and (89);
5:
6.  Compute pf, with (97)
7
8
9

with (91) and (92);

for /=1to L do
Compute b, _,,, and 7 _, with (25) and (26);
: end for

10: end for
11: for [ =1 to L do
12: Compute mj, and v}, with (28) and (29);
13:  forn=1to Ng do
14: Compute mj, ,, and v}, _,, with (31) and (32);
15:  end for
16: end for
17: Output: Channel likelihood messages ; posterior

channel messages h%’;t’t for Algorithm 2; feedback mes-

sages thlkDelt) for the CEP update.

hlike t.

C. VMGAMP/rVMGAMP Symbol Detection Algorithms

Ignoring the clipping distortion, the conventional GAMP
algorithm fails to detect clipped OCDM signal accurately. Ad-
ditionally, the time-domain spreading property of frequency-
selective channels affects the characteristics of clipped OCDM
signal, which imposes great challenges on clipping distortion
mitigation. To tackle these issues, the VMGAMP and the
rVMGAMP symbol detection algorithms are developed.

Fig. 4 illustrates the message flows of the VMGAMP
symbol detection algorithm. Here, the input messages consist
of the @ priori messages x°"" (i.e., LG, (c%,)) from LDPC
decoder, the a priori messages GP'" from received data
signals, and the a posteriori messages h%‘l’)st from channel
estimator. The detector outputs the symbol likelihood message
xk¢ to the LDPC decoder and the a posteriori symbol
message xP°® to the CEP channel estimator and the next
detector iteration.

For ease of understanding, the VMGAMP symbol detection
algorithm is decomposed into six steps as follows:

1) Belief step computes the messages #5°°%" and 725",

2) Coupling 1 step (Line 4 in Algorithm 2) computes the
messages p!, and 72,

3) Decoupling 2 step (Line 5, 6 in Algorithm 2) computes
the messages p?, 7P, @ and 7™

4) Nonlinear distortion mitigation step (Line 7-16 in Al-
gorithm 2) computes the messages uP%%! and 72"t

5) Coupling 2 step (Line 17 in Algorithm 2) computes
the messages z* and 77!

6) Decoupling 1 step (Line 18, 21 in Algorithm 2)

computes the messages s',, 75, 7%, and 7.

Estimator

Nonlinear
Distortion

e Mitigation

—-‘ Coupling 1

Fig. 4. The message flows of the VMGAMP-based symbol detector.
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According to the BP rules, the messages in symbol detection
can be represented as

= IOg( (yn i Zn)CN(ZniﬁinaxmvTgfazm))

=log p(yn | 2n) Z Mo sz (2n), (33)

m'#m

= log(p(xm | dm>CN(xm§ ,ﬁfvm%z,nT;;i—)z"))

+ Z /‘inz T (xm)

n'#n

Mtzn%a:m (‘r’m)

/’Li’t}—)z" (.’L‘m)

= logp(Tm | dm)

(34)

where d,,, denotes the a priori decoder information associated
with x,,.

Based on the GAMP rules, z"'® (i.e., pf, and 72+%) is the
likelihood messages, given by

_ ~post,t p,tat—1
- E A"vmxm —Th Sn
m
Pt _ E 2 ~post,t
Tn’ - |An,mi sz ’ 9
m

where the transform matrix A = H®*. To mitigate clipping
distortion effectively, the time-domain OCDM signal is de-
coupled to avoid the effects of the channel. The likelihood
messages u'® (i.e., p’ and 7P+) are represented as

(35)

(36)

p'=H'p', (37)
5o tr(HH)TH

N, (38)

and the a priori messages TGP (i.e., i and T") are repre-
sented as

o' =H'y, (39)
_ t H71 HHfl
T,:j’t _ I‘(( J\f)d )0,3“ (40)

where H™! = (HYH) 'H denotes the direct pseudo-
inverse for a well-conditioned channel matrix. For an ill-
conditioned channel matrix with a large condition number,
the direct pseudo-inverse of H may significantly amplify the
additive noise. Therefore, H™! in (37)-(38) is replaced by

-1
WiMMsSE,p = (HHH-FINdTpf) HY (41)

’U.
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and H~! in (39)—(40) is replaced by
2 —1
WinMsEa = (HHH + INd> HY, 42
where 02 and o2 are the average power of the clipped OCDM

signal and the average power of the unclipped OCDM signal,
respectively.

post
The a posteriori messages uP>s® (i.e., ub*%t and 7% t)
in VMGAMP are represented as
ost,t __ u o~ p,t
ub E{un | ab, 7t pt TP }
w,t st Dttt
_ Tn pn + Ty Uy
- u,t
A
¢ Tﬁ’t t ¢
. n _ o
=DPn + (un - pn) ) (43)
u,t
(R
upost V ot bt
Tn {un ‘ una n 7pn7T }
TgJT#,t
= i (44)
T + Tn’
where
at ot
i ™ pn| < C
w,t n nl = r
Tno T at (45)

,t st ’
chp n + Tn |pn| > CT

where 7! clip,n, 18 defined in (11), and the a posteriori mes-
sages uP*' in refined VMGAMP (tVMGAMP) are repre-
sented as (17) and (19) when |p!| > C,. The variance
modification has a direct reliability interpretation. Specifically,
the posterior mean in (43) can be rewritten as uP°%! =

Dt
ph+wh (al, —ph) Wl = # For an unclipped sample,
n n
u,t Lt : u,t . u,t ~t
7, = 7,"". For a clipped sample, 7,"" = 72" + 7}, ..

Hence, a larger clipping-induced residual increases the effec-
tive observation variance and decreases w/, thereby reducing
the weight assigned to the unreliable clipped amplitude. Thus,
the proposed variance modification acts as a residual-based
reliability correction.

The a posteriori messages zP° (i.e.,
represented as

z! and T7%) are

7' =Hur>", (46)

B NdT’U‘pOSt‘rt

. C—— 47
T Th(EHHEHEY) “7)

The decoupling-coupling transformation exploits the channel
matrix to disperse clipping distortion, which effectively en-
hances the algorithm performance. The forward messages are
approximated by Taylor expansion as

,u’in—mcm (‘Tm) N2§R{S An ,m (SCm

|An m‘ |xm

o i;y)r(;st,t)}

~post,t 2
m ’

(48)

-7

t

where the a priori and 75! are

represented as

messages ZPTOT (ie., s

>t ~t
Zp — P
S =" (49)
T’
Dt zZ,t
T, T,
s;t _'m n
=T o (50)
bt
Tn

Algorithm 2 Proposed (r)VMGAMP Symbol Detection

20 0,720 =

1: Initialization: ¢t = 1,2, =
‘,Nd,m:].,...,Nd, S%ZO ]

2: Input: y; posterior channel messages hb%5"" from Al-
gorithm 1; symbol posterior messages xP°s%?; decoder

extrinsic LLRs L%~ 1(cq ); feedback messages st~ 1; C,,

+oo,n =

dec
ol
3: forn =1 to Ny do
4. Compute pf, and 77 with (35) and (36);
5:  Compute 3!, and 72 with (37) and (38);
6:  Compute u!, and 7% with (39) and (40);
7. if VMGAMP then
8: Compute uP°%* and 7"t with (43),(44) and (45);
9: end if
10:  if ’VMGAMP then
1: if |p!| < C, then
12: Compute uPs%t and 72"t with (43) and (44);
13: else if |p!,| > C,. then
14: Compute uP*%t and 77"t with (17)—(20);
15: end if
16:  end if

with (46) and (47);

17 Compute z% and 772
s with (49) and (50);

18:  Compute s!, and 72

19: end for

20: for m =1 to N, do

21:  Compute 7%, ~and 7" with (55) and (54);

22: end for

23: Output: Symbol likelihood messages x> for LLR cal-
culation and LDPC decoding; posterior time-domain mes-
sages uP°s%!; posterior channel-output messages zPstt;
updated residual messages sl,.

Furthermore, the Taylor expansion of the backward mes-
sages can be approximated as

t+1 |7 oz — Tl
uacm—mn( ) ~ lng(xm ‘ dm) - at
TZm—2n
(51
where
—1
t 2 s,t
T, —
Tam—szn — ’An ,m Tn; ) (52)
n'#n
t t t 2 s,t t,t
P =7 * ~pOs
T —2n = Tom—2n E Sn/A ’An m| Ty T
n' #n
~post,t 7t *
= B T 2 S A (53)
n' #n

At

and the likelihood messages x'k® (i.e., 7L and T'') are
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represented as

-1
Im = Z |An m| T ) ) (54)
o = 7 S [oi

POStt+TTtZSn - (55)

According to the aforementioned derivations, the
VMGAMP and r'VMGAMP symbol detection algorithms for
clipped OCDM systems are summarized in Algorithm 2.

It is worth clarifying that r/VMGAMP is an ICG-based
refinement of VMGAMP. Their only difference lies in the
nonlinear posterior update for a sample detected as clipped.
VMGAMP approximates the aggregate effective error by a
CSCG variable and therefore characterizes its uncertainty
using only a scalar variance. This provides a low-complexity
approximation when clipping is mild or moderate, or when
the effective error is dominated by AWGN. In contrast, signal
clipping limits the signal magnitude while preserving its
phase. After channel decoupling, the resulting clipping error is
therefore predominantly distributed along the radial direction
under severe-clipping and high-SNR conditions, for which
the circularly symmetric approximation becomes inaccurate.
Accordingly, —VMGAMP retains the pseudo-covariance and
applies the ICG posterior updates in (17)—(20) to capture this
second-order noncircularity. Therefore, VMGAMP provides a
lower-complexity option, whereas rVMGAMP provides im-
proved robustness under severe clipping by using a more
accurate second-order distortion model.

D. CEP-VMGAMP-Based Joint Channel Estimation and
Symbol Detection Algorithm

The message exchange among the channel estimator, the
symbol detector, and the LDPC decoder is described in this
subsection. At the first turbo iteration, the decoder extrinsic
LLRs are initialized as L5..(c%,) = 0. The channel feedback
messages are initialized by the pilot-based Gaussian prior, i.e.,
mgl—*fn = mzl and v21—>fn = UZZ'

The a priori probability of data bits is expressed as [26]

plet) =5 [1+ o (Gt )] 6o

where L5 (%)) is the a priori extrinsic log-likelihood ra-
tio (LLR), cZ, is the g-th bit of z,,, and the a priori probability

of x is expressed as

p(an = Hp (ct, =cf,. (57)
The likelihood probability of x is expressed as
i Mm — il g
P& = Mup,) o exp (’M_? ;o (38)
T2m

and the a posteriori probability of x is p(ZPo5**+1 = M, )
p(2%t = M,y )p(2liket = M,,, ). The a posteriori mean and
variance of x are expressed as

F 00 My, pl = Mo, PERS" = Mo, ),
Me
(59)
Ta;:)’onst ,t+1 x Z‘j}%}st,t+l _ Mmu|2p(i‘?ﬁt — MmL)
x p( ~like,t Mmc)- (60)

Further, the a posteriori message xP°' is transmitted to
channel estimator and symbol detector, respectively.

After obtaining the likelihood messages of the channel pa-
rameters, the a posteriori messages of the channel parameters
are calculated by

bt ,Mblk
post,t __ t hl — fn—hy
M, “Uh + Z =n,l stmbuc |2 61

npik N Tfn—hy
post,t
'Uhl (

eI )1, (62)

Nplk M
where npyc € [1, Npic]. After that, the VMGAMP symbol
detection algorithm shown in Algorithm 2 is performed
to obtain the likelihood messages x!ke  Then, the LLR is
calculated as

A1, Mblk
fn _>hl

p( Cm =0 | rlm) e 1
pEh=tlr,) e )

The likelihood LLR is fed into the LDPC decoder to obtain
the a priori extrinsic LLR L', (c4,), which is then fed back
to the next iteration until the iterative algorithm reaches the
maximum number of iterations Ty ax OF satisﬁes the stopping
criterion. The a priori extrinsic LLR L' (¢2) is expressed

L™ (c?)=1n (63)

dec
as .
L. (¢h,) = L™ (¢h,) — L™ (¢4,) (64)
and convergence factor can be calculated by
Ny Na
Out q
n= NZZZ (JL°" (c%,) | > 10),  (65)
n=1m=1qg=1
where I is the indicator function.
Based on the aforementioned derivations, the CEP-

VMGAMP-based joint channel estimation and symbol detec-
tion algorithm for clipped OCDM signal is summarized in
Algorithm 3.

E. Complexity Analysis

Since soft information computation and BP decoding are
standard procedures in LDPC-coded systems, we only con-
sider the computational complexity of channel estimation and
symbol detection. Following [28], computational complex-
ity is characterized using floating-point operation (FLOP)-
based Big-O notation. An M x N matrix-vector product
has complexity O(MN), while a length-N vector inner
product or element-wise product has complexity O(N). An
N-point FFT/IFFT has complexity O(N log N). Since the
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Algorithm 3 Proposed CEP-VMGAMP Algorithm
1: Initialization:
t=1,80 = f‘;m = 0,750 = T;;S = —|—oo,m?”_>fn =
mzlvvgl—)f" = Uzlﬂ? = 0,Mmax = —00,€ = 10721 =
].7 ceny L7 n = ]., ceey Nd, m = 1, ceey Nd.
2: for t =1 to T4k do
3:  Compute the a posteriori mean and variance of x
according to (56), (57), (58), (59) and (60);
4: ift =1 then
5: Calculate channel parameters a priori messages ac-
cording to (21) and (22);
else if t > 1 then
Execute Algorithm 1;
Calculate channel parameters a posteriori messages
according to (61) and (62);
9: end if
10:  Execute Algorithm 2;
11:  Compute the likelihood LLR according to (63);
12:  Execute LDPC decoding;
13:  Compute the extrinsic information according to (64);
14:  Compute 7 according to (65);
15:  if 7 > Nmax then

16: max = 15

7 LY (k) = L (ch,);
18:  else if < Nyax — € then
10 Lo (ch,) = Lo (c4,):
20: break

21:  end if

22: end for

23: return L°" (¢%).

DFnT/IDFnT and the application of the circulant channel
matrix H or H™! can be implemented using FFT/IFFT
and element-wise operations, they also have complexity
O(NlogN).

For Algorithm 1, the discrete Fourier trans-
form (DFT)/DFnT operations, channel message updates, and
truncated quadrature require O(Nglog Ng), O(N4L), and
O(N4K) operations, respectively. Therefore, the per-block
complexity of CEP is O (Nylog Ny + NgL + NyK), where
K is the number of sampling points in the truncated adaptive
uniform-grid quadrature. For Algorithm 2, the matrix-vector
products involving A and |A|* require O(N?) operations,
while the FFI-based channel decoupling and coupling
require  O(Nylog N;) operations. Hence, VMGAMP
and rVMGAMP have complexities O (Ng + Nglog Nd)
and O (N{f + Nglog Ng + Nclip) , respectively.  Since
Naip < Ng, ’VMGAMP has the same dominant complexity
order as VMGAMP, where N, denotes the number of
clipped samples.

For a frame with Ny data blocks and T turbo itera-
tions, the overall complexity of the proposed joint receiver is
O(NblkNp log Np + TNblk(NdQ + Nglog Ng+ NgK + NgL +
NgM.Q)), where M. = |M| and @ = log, M,. Therefore,
the dominant detector complexity scales quadratically with the
OCDM block length, whereas the LLR calculations scale as

O(NgM.Q).

IV. CRAMER-RAO LOWER BOUND ANALYSIS

To evaluate the performance of the proposed CEP chan-
nel estimation algorithm, a CRLB for channel estimation in
clipped OCDM systems is derived. It should be emphasized
that the CRLB derived in this section is a conditional bench-
mark for channel estimation. Specifically, the transmitted data
symbols used to construct the equivalent observation matrix
are treated as known conditioning variables when deriving the
channel-related Fisher information. This setting isolates the
effects of AWGN and clipping-induced signal power reduction
on channel estimation. The derivation is consistent with the
signal clipping model and the AWGN assumption adopted
in the system model, while the CSCG/ICG models in the
proposed VMGAMP/r'VMGAMP detector are only used to
obtain tractable Gaussian messages for iterative detection, and
are not required as exact statistical assumptions in the CRLB
derivation. Therefore, the bound is not intended to be a strict
lower bound for the complete practical iterative receiver, where
the data symbols and channel are jointly inferred. Instead, it
serves as a theoretical reference for evaluating the proposed
CEP-based channel estimator and for quantifying the influence
of the clipping threshold.

With CIR h = [hq,--+ ,h,0,...
can be expressed as

,0]", the received symbol

y = U®"h +w. (66)
The PDF of the received symbol is expressed as
p(yih) xexp|~(y— G T (y = Gh)| . (67)

where G = UdH T = G‘TQLINd, and U is a column-wise
circulant matrix whose first column is x.

To evaluate the impact of clipping distortion on channel
estimation, the CRLB with clipped signal is derived. By
exploiting the circulant structure of H, the likelihood can be
equivalently rewritten with respect to the clipped signal ,
which yields

/ - (y - éﬁ)H Tt <y - éﬁ)p(ﬁ)dﬁ

o (68)

—— Iyt = [ IGREPT ),
0

where G = H. Considering the properties of multi-carrier sig-

nal, the independent and identically distributed (i.i.d.) Rayleigh

random variables PDF of 9CDM time-domain symbol enve-

lope is p(|@|) = 2|ale~#I" [30]. Thus, the power reduction

induced by signal clipping can be calculated as

Lo— / (laf? — C2)2lale”7" djal

r

_la 2 _ —la 2 —la 2 Jo%s) 69
L e R
= e_c'z
and the second term of (68) can be expressed as
- [ 1GPaPT
0 (70)

=— |G (1- ).
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Fig. 5. BER performance of different algorithms with different numbers of
turbo iterations for clipped OCDM LDPC-coded systems.
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Fig. 6. Scatter plots of the phase-aligned effective-error samples. Each sample
is rotated according to the corresponding phase used in the ICG update, so that

the horizontal and vertical axes represent the radial and tangential components,
respectively.

The term L, = e=Cr represents the average signal power
loss caused by the signal clipping, and thus 1 — L. represents
the average retained signal power after clipping. Accordingly,
the clipped-signal Fisher information matrix (FIM) is reduced
by the factor 1 — e=Cr.

Considering the power reduction induced by signal clipping,
the corresponding FIM is given by [29]

I(h) = GHY'G,

where GHG = (1 — e 7)GHG.

Since only the first L entries of the zero-padded CIR vector
h are unknown, let hy, = [hy,...,hz]T, h = Sghr, where
Sa L. . Accordingly, the data-block FIM asso-

- O(N,—L)xL
ciated with the unknown L-tap CIR is obtained by restricting

the full FIM to the known channel-support subspace, i.e.,
I,(hy) = SHI(h)S,. Although I(h) is an N, x Ny matrix,
I;(hz) is an L x L matrix defined with respect to the actual
unknown channel parameters. The pilot likelihood is

p()’p? h) oc exp [*(}’p - Gph)Hrgl(YP - Gph)] ,  (72)
where Y, = 021 N, The FIM contributed by the pilot is
L(h) = GIY,'G,.

(71)

(73)

L

(2]

=

=z
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Fig. 7. NMSE performance of different channel estimation algorithms for
QPSK OCDM uncoded systems.
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Fig. 8. NMSE performance of different channel estimation algorithms for
16QAM OCDM uncoded systems.

Since @, is unitary, it follows that

N,
I,(hy) = U—;DIL.

(74)

Since the pilot and data noise vectors are independent, their
conditional likelihoods satisfy

P(¥p,y;h) = p(yp; h)p(y; h), (75)

and hence the corresponding FIMs are additive. The total
channel-related FIM of a frame is
Liot(hr) = No(Ip,(hy) + Ig(hyg)). (76)

Accordingly, the channel estimation mean-square error (MSE)
is lower bounded by

(Ip(hy) + Ta(hp)) "
Ny

MSE > CRLBj4q4 = tr (77)
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Fig. 9. BER performance for QPSK OCDM uncoded systems with known
CSI and different clipping thresholds.
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Fig. 10. BER performance for QPSK OCDM LDPC-coded systems with
known CSI and different clipping thresholds.

V. NUMERICAL RESULTS

In this section, numerical results are presented to evaluate
the performance of the proposed VMGAMP-based symbol
detector, the CEP-based channel estimator, and the CEP-
VMGAMP-based joint channel estimation and symbol detec-
tion iterative receiver.

To verify the effectiveness of the proposed algorithms,
LS [10], linear minimum mean square error (LMMSE) [31],
orthogonal matching pursuit (OMP) [32], and vector approxi-
mate message passing (VAMP) [33], [34] are used as channel
estimation baselines, while GAMP [35], [36], FGAMP [24],
and memory approximate message passing (MAMP) [37] are
used as symbol detection baselines.

For clarity, clipping VAMP (CVAMP), VAMP-GAMP, and
CEP-FGAMP denote the adapted baselines implemented in
this paper. Specifically, CVAMP combines VAMP and the clip-
ping approach based on signal reconstruction. Throughout this
subsection, the length of CP is 16, which is no shorter than the
maximum delay spread. The length of pilot IV, = 32, and the
number of subcarriers Ny = 126. In the LDPC-coded system,
an LDPC code with 3/4 code rate (6048/8064) is employed.
The maximum number of turbo iterations and LDPC decoding
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of T o -~ -
102 a- -
~
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Fig. 11. BER performance for 16QAM OCDM uncoded systems with known
CSI and different clipping thresholds.
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Fig. 12. BER performance for 16QAM OCDM LDPC-coded systems with
known CSI and different clipping thresholds.

iterations are T« = 20 and Ty.. = 10, respectively. For the
truncated adaptive uniform-grid quadrature, the grid size is
fixed as K = 11 x 11 = 121 for all simulated SNRs and
clipping thresholds. No damping factor is used in either the
proposed algorithms or the baseline algorithms. The number
of symbol blocks Ny = 32 for quadrature phase shift keying
(QPSK) and Np = 16 for 16QAM. The channel power
delay profile (PDP) follows the Extended Vehicular A (EVA)
model [38].

A. Empirical Convergence Behavior

In Fig. 5, the empirical convergence behavior of the pro-
posed CEP-VMGAMP and CEP-rVMGAMP receivers is eval-
uated in terms of BER versus the turbo-iteration index t
for clipped LDPC-coded OCDM systems, where the clipping
threshold is set to C,. = 1.2. For QPSK, both receivers are
evaluated at E, /Ny = 3.8 dB. For 16QAM, CEP-VMGAMP
and CEP-r'VMGAMP are evaluated at E, /Ny = 11 dB and
10.3 dB, respectively. Since the two receivers exhibit substan-
tially different BER operating points for 16QAM, the SNRs
are selected separately so that the iteration trajectory of each
receiver can be clearly observed.
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Fig. 13. BER performance of different joint channel estimation and symbol
detection algorithms for QPSK OCDM uncoded systems.
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Fig. 14. BER performance of different joint channel estimation and symbol
detection algorithms for 16QAM OCDM uncoded systems.

Under the considered settings, the BER curves generally
decrease with the turbo-iteration index and then stabilize,
without persistent oscillation or divergence. For QPSK, both
receivers reach a stable BER regime within approximately
t = 7 turbo iterations, indicating that the performance gain
of CEP-rVMGAMP is achieved without requiring additional
turbo iterations at the same SNR. For 16QAM, each receiver
reaches a stable BER regime within approximately ¢ = 15
turbo iterations. These results provide empirical evidence of
stable iterative behavior for the proposed receivers under the
evaluated settings.

B. Empirical Validation of the CSCG/ICG Approximations

Fig. 6 empirically examines the second-order structure of
the effective error. Under mild clipping and low E, /Ny, the
radial and tangential components have comparable spreads,
for which the scalar variance used by VMGAMP provides
a reasonable low-complexity approximation. Under severe
clipping and high E, /Ny, the pronounced radial elongation
results in nonzero pseudo-covariance, which motivates the
ICG-based FVMGAMP update.
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Fig. 15. BER performance of different joint channel estimation and symbol
detection algorithms for QPSK OCDM LDPC-coded systems.
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Fig. 16. BER performance of different joint channel estimation and symbol
detection algorithms for 16QAM OCDM LDPC-coded systems.

C. NMSE Performance

Fig. 7 and Fig. 8 present the normalized mean square er-
ror (NMSE) performance of the proposed CEP-based channel
estimator in an uncoded system, and the CRLBs corresponding
to different clipping thresholds are also provided as bench-
marks. For a fair comparison, each data-aided channel estima-
tion method incorporates the clipping approach based on signal
reconstruction and adopts the VMGAMP symbol detection al-
gorithm. Since the CEP algorithm performs moment matching
on the frequency-domain symbols, it achieves better NMSE
than the CVAMP algorithm. It is noted that the plotted CRLB
is the conditional channel estimation benchmark derived in
Section IV, rather than the attainable limit of the complete
joint receiver. Hence, the CEP estimator yields NMSE values
slightly above this bound, since the data symbols are unknown
in practice, the channel is refined from soft decisions within
finite turbo iterations, and the moment matching required
by the CEP update is evaluated through quadrature-based
approximate marginalization. Moreover, a smaller C,. gives
a larger L. = e‘cf, reduces the effective Fisher information,
and thus leads to a higher CRLB, which is consistent with the
degradation caused by stronger clipping.
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D. BER Performance

The bit error rate (BER) performance of the symbol detector
with known channel state information (CSI) is evaluated in
Fig. 9-12. In the uncoded QPSK systems shown in Fig. 9, the
proposed VMGAMP and rVMGAMP detectors achieve lower
BER than the GAMP under the considered clipping thresholds.
In particular, the proposed VMGAMP algorithm provides a
2.3 dB E,/Nj gain over GAMP at BER = 10~ when C, =
1.5, and the GAMP algorithm fails under more severe clipping.
In the LDPC-coded QPSK systems, the proposed VMGAMP
algorithm provides 0.4 dB, 1 dB, and 4.5 dB E,/Nj gains
over GAMP at BER = 10° when C, = 1.2, C, = 1.0, and
C, = 0.8, respectively.

As shown in Fig. 11, the proposed VMGAMP and
rVMGAMP detectors can effectively mitigate clipping dis-
tortion and achieve reliable detection in uncoded 16QAM
systems. As shown in Fig. 12, in the LDPC-coded 16QAM
systems, the proposed VMGAMP algorithm provides 0.9 dB
and 2.5 dB E, /Ny gains over GAMP at BER = 10~° when
C, = 1.4 and C. = 1.3, respectively. Moreover, the GAMP al-
gorithm fails to handle more severe clipping. It is worth noting
that the comparison between QPSK and 16QAM demonstrates
that higher-order modulation schemes are more sensitive to
clipping distortion. Overall, these results validate the effec-
tiveness of the VMGAMP algorithm, particularly when the
higher-order modulation schemes are employed. Moreover,
the performance advantage of rVMGAMP algorithm becomes
more evident as the clipping distortion intensifies.

In Fig. 13 and Fig. 14, the BER performance of the proposed
CEP-VMGAMP-based joint channel estimation and symbol
detection algorithm for uncoded systems is evaluated. The
clipping threshold is C, = 1.5. For QPSK systems, CEP-
VMGAMP provides more than 1.8 dB E,/N; gain over
the LS-GAMP, LMMSE-GAMP, OMP-GAMP, and VAMP-
GAMP receiver baselines at BER = 10°. The ablation study
comparing LS-VMGAMP with CEP-VMGAMP validates the
effectiveness of the CEP-based data-aided channel estima-
tion. The complementary ablation study comparing LS-GAMP
with LS-VMGAMP validates the combined effectiveness of
the channel decoupling-coupling transformation and variance
modification introduced in VMGAMP. For 16QAM, the sym-
bol detection baselines without explicit clipping distortion
mitigation exhibit substantial performance degradation. For
comparison, CEP-VMGAMP provides a 1.4 dB E,/N, gain
over CEP-FGAMP at BER = 10~°.

The BER performance of the proposed CEP-VMGAMP-
based joint channel estimation and symbol detection algorithm
for the LDPC-coded systems is illustrated in Fig. 15 and
Fig. 16. The clipping threshold is C, = 1.2. As shown in
Fig. 15, the proposed CEP-VMGAMP algorithm outperforms
the comparison algorithms without explicit clipping distortion
mitigation by more than 0.3 dB at BER = 10~° when QPSK
is adopted. In contrast, LS-VMGAMP remains effective, and
the performance gain of CEP-VMGAMP over LS-VMGAMP
demonstrates the benefit of the CEP-based data-aided channel
estimation. Furthermore, it provides a 1.8 dB Ey /Ny gain over
CEP-FGAMP at BER = 1075. As shown in Fig. 16, the

proposed CEP-VMGAMP algorithm provides a 1.3 dB Ey, /Ny
gain over VAMP-GAMP at BER = 10~° when 16QAM is
adopted. Moreover, with C,. = 1.2, the BER performance of
16QAM is dominated by clipping distortion. Consequently,
the VMGAMP and FGAMP algorithms deliver similar per-
formance under this condition. The numerical results indicate
that the proposed CEP-VMGAMP algorithm outperforms the
compared baselines. Moreover, the simulation results indicate
that the r'VMGAMP algorithm achieves more pronounced per-
formance gains with higher-order constellations, since higher-
order modulation is more sensitive to clipping distortion.

Since LS-VMGAMP and CEP-VMGAMP employ the same
pilot configuration and the same VMGAMP detector, their
BER difference isolates the benefit of the CEP-based data-
aided channel estimation. Likewise, since CEP-FGAMP and
CEP-VMGAMP use the same CEP estimator, their perfor-
mance difference reflects the gain obtained from the chan-
nel decoupling-coupling and variance modification operations
of VMGAMP. Similarly, CEP-MAMP, CEP-VMGAMP, and
CEP-rVMGAMP employ the same CEP-based channel estima-
tion algorithm and pilot configuration. The lower BER of CEP-
VMGAMP and CEP-rVMGAMP relative to CEP-MAMP,
particularly for 16QAM, supports the benefit of explicitly
incorporating channel decoupling-coupling, clipping detection,
and variance modification. The rVMGAMP detector further
improves robustness under severe clipping by retaining the
clipping-induced pseudo-covariance through the ICG-based
posterior update. The CEP-related overhead is therefore more
valuable when the pilot-only channel estimate is accuracy-
limited, such as under fixed and limited pilot overhead or
in the low-to-moderate E}, /Ny region, whereas the additional
VMGAMP/rVMGAMP processing becomes more beneficial
as the clipping distortion becomes stronger or the modulation
order increases.

VI. CONCLUSION

In this paper, we proposed an iterative receiver for clipped
OCDM systems consisting of a CEP-based channel estimator
and a VMGAMP-based symbol detector. By analyzing the
properties of clipping distortion, a factor graph was con-
structed by introducing a gate mechanism. The CEP-based
channel estimator incorporated the clipping approach based
on signal reconstruction and truncated adaptive uniform-grid
quadrature to improve estimation accuracy and reduce com-
putational complexity. Meanwhile, the VM GAMP-based sym-
bol detector employs a decoupling-coupling transformation
and variance modification to mitigate clipping distortion. In
particular, within the proposed VMGAMP framework, the
ICG model achieves better detection performance under severe
clipping at the cost of a slight increase in computational
complexity. To provide a benchmark, we derive a closed-form
CRLB for channel estimation in clipped OCDM systems. The
proposed receiver consistently improves the channel estimation
NMSE and the BER over the compared baselines, with more
pronounced gains under more severe clipping and higher-order
modulation.
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APPENDIX A
DETAILED BP AND ICG MESSAGE UPDATES

This appendix provides the BP equations omitted from
Section IIT and the detailed derivation used in the ICG message
update. According to BP rules [26], the message updating is
expressed as

Hn—m (am) O(/ fn(a) H Mo’ (am')7 (78)
a\am m’ EN(n)\m
P (@) X H Mnlﬁm(am% (79

n' EN(m)\n

where f,, is factor node, a,, is variable node, N'(m)\ n is the
set of neighbors of node m excluding node n. For clipping
node p(@ | u), the message updating is

ffyou, < [ 6(up — clip” (@) pf, ca,,  (80)
B / 8(un — @1 x)p(x), (81)
Hinmin % | (U — clip(un)) i s, un. s (82)
i [ Sl —H Dp@ph). 63

However, since signal clipping is inherently irreversible, the
generalized inverse clip~*(,,) lacks closed-form expression,
and thus the message updates are analytically intractable
and computationally prohibitive. Moreover, standard nonlin-
ear approximation such as Taylor-series and Volterra-series
expansions are ill-suited for clipping because of its clipping
nonlinearity. Modeling the clipping distortion as an additive
noise term is common, but it may incur substantial per-
formance degradation, particularly when the clipping distor-
tion power is non-negligible. Although existing studies have
developed heuristic compensation schemes, these methods
typically provide limited robustness and still leave a non-trivial
performance gap.

ICG Update

For completeness, this subsection provides the covariance
derivation used in the ICG message update in Section III-A.
The corresponding covariance matrix is

C =E[(tq — pta)(ua
—_ (Tu * + 7A_ghp n p;;dr * )
(p;/Lar t) 7_71: ot + T(flip,n ’

() ()

Gndistribution of u,,, which can be calculated

- Ma)H}
(34)

where u, = is the pseudo-

covariance of I

as
Pt E[(un = Un ) (tn — ﬂn)T]
- E[ej2¢" (n” +jm_)2]
- clip,nejQq&;v (85)
where E[nf] = % + Faip,n and E[n?] = % denote

the variances of the radial and tangential error components,
respectively.

APPENDIX B
DERIVATION OF THE CEP MOMENT-MATCHING UPDATE

According to the BP rules, the likelihood messages of Ay
can be calculated as

hl / / fn Up, h uun,*)fn, Up Hﬂh /—>fn
h\h;

(86)
where t is the number of turbo iterations, u = '’ Fx, fn
is the n-th factor node of p(z | h, @), and the messages of
estimation error are expressed as

PO = [ s, @) CN (08, @) [T, (@)

(87)
b (an):éfoT( )y — AL (88)
t—1

where A*™! = D(Em)]_| f) is channel frequency response
(CFR), F is a DFT matrix, I‘H is a coefficient matrix with
main diagonal element e —jmn?/N, 4, and the mean and variance
of hB1™" are the first terms of (88) and (89), respectively. The
equivalent transformation matrix = is expressed as

FEPE(1) e BT (DET) e £E L (1DE ()]
£ (1))
EIDEI) e L (DEI) - £ (DE(D)]

where f7 (i) is the i-th row of DFT matrix with & — 1
right circular shifts, and £71(i) is the i-th column of inverse
DFT (IDFT) matrix. According to the central limit theo-
rem (CLT), the a posteriori messages uP°s* are approximated
by complex Gaussian distribution as

1, g, () = CN (i, 05 ), (90)
where
mb () =F - clip (@7 &P 1) | 1)
_c,.2
g, (Un) = (1 = e+%)a?, 92)

where T'# = F®AFH, 52 = L3 7posti=1 The mean
and variance of =, ;h; can be expressed as

t—1
~ ”h >/ i
mtgnylhl (un): 1= )(bt TUn +_nlm§”ifn)
h %fn -
+ (1 7t l ) =n lmhz—>fn
fn
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=t (@) ) Sl £ ©3)
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To achieve an accurate global approximation of the true
probability distribution, it is necessary to perform moment
matching to minimize the Kullback-Leibler (KL) divergence.
The first moment and the second moment of the distribution
are given by

niiht = Egn [mtEn,zhz (ﬂ")}

b ()
t—1 t—1 _ fo 71
"’lmhzﬁfn + th%an“n Tt

n

m

[1] =

(95)

—_
=
[l

’lA}tEnylhl :]Eﬁn |:/Uén)lhl (ﬂn) + ‘mtEn,z,hz (an) |2:| - |mt5n,lhl|2

(1 =1 ), -1
= (1 ”hl—>fnf’n) Uhis f>

(96)
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